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Problem definition: We investigate a seller’s optimal advertising strategy targeting customers who interact
with the seller over time. We model each customer’s engagement by a continuous-time (hidden) Markov
chain with two states, active and inactive. While in the active state, customers make purchases according
to a Poisson process; in contrast, customers in the inactive state make no purchases. The seller can use
advertisements to activate customers and the activation probability may be affected by customers’ fatigue
to promotion. The objective of the seller is to maximize the long-term average expected profit by designing
an optimal ad campaign strategy based on customers’ purchase histories. Methodology /results: For a
single customer without promotion budget constraints, we demonstrate the optimality of a triple-threshold
policy based on both the elapsed time since the last purchase or ad campaign and the number of repeated
ad campaigns. When confronted with a budget constraint on the overall ad cost, we suggest first solving a
relaxed problem and then implementing a separate triple-threshold policy for each customer with a specified
budget. We establish the asymptotic optimality of this policy and show that the order of loss is O (\/log T/T)
for the general problem and O (\/1/_T ) for a special case. Managerial implications: We find that the seller
tends to push ads earlier to customers with low ad costs, high purchase rewards, high activation probabilities,
high purchase rates and low recapture rates (i.e., low transition rates from an inactive state to an active
state). Surprisingly, we also find that the seller should push ads earlier to customers with intermediate churn
rates (i.e., intermediate transition rates from an active state to an inactive state) compared to those with
small or large churn rates. Overall, our work reveals important insights of the optimal ad campaign problem

and provides a useful strategy in practice.
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1. Introduction

Based on a report by Statista (2025), mobile devices accounted for an impressive 63% of all web-
site traffic in the second quarter of 2025. This significant user base has prompted sellers to invest
substantial effort and resources in leveraging mobile advertisements to boost customer engage-
ment. In recent years, various industries (e.g., retailing, financial services, and entertainment) have
embraced mobile ad campaigns such as SMS/MMS messages, push notifications, and in-app mes-

sages. Meanwhile, the global mobile engagement market size was valued at $12.5 billion in 2024,



with an estimated growth rate of 38% per year, expected to reach a staggering $130.3 billion by
2031 (VMR 2024). As a consequence, the operation of mobile ad campaigns has become a critical
issue, garnering substantial attention from businesses. A key challenge in mobile ad operations is
to determine the target and the timing of the ad campaigns. Specifically, the ad campaign strategy
should specify when and to whom the seller should push ads to maximize the seller’s profit.

This paper studies the optimal ad push policy for a seller to maximize the average expected profit
under Markov customer dynamics. For practical concerns, we consider the case where the seller
cannot observe customers’ engagement states but can observe their purchase histories. Specifically,
each customer’s (hidden) engagement state evolves according to a continuous-time Markov chain
with two states, active and inactive. Only when a customer is active will he make purchases
(according to a Poisson process). The seller can employ personalized ad campaigns (at a cost) to
activate customers. For example, a seller may utilize the “Custom Audience” feature on Meta Ads
to target customers based on their emails or phone numbers (see Meta 2024). Upon receiving ad
campaigns, customers in the inactive state will instantaneously transition to the active state with
some probability depending on the last event (whether it is a purchase or an ad), while customers
already in the active state remain unaffected. It is worth noting that pushing ads does not directly
generate rewards but affects customers’ states, subsequently influencing future rewards. Moreover,
due to the existence of ad costs, a crucial trade-off arises in designing the ad campaign strategy:
Frequent ad campaigns may lead to excessive ads being delivered to already active customers,
resulting in unnecessary ad costs; infrequent ad campaigns may induce delayed activation of inactive
customers, resulting in loss of potential revenue. To make things more complicated, as mentioned,
the seller encounters challenges related to the incomplete observation of customers’ states. These
factors collectively contribute to the complexity of designing an optimal ad campaign strategy,
posing a significant challenge in practical implementation.

In this paper, to shed light on the aforementioned problem, we study the optimal mobile ad cam-
paign policy for a seller operating within a framework of Markov customer dynamics. In particular,
we are interested in answering the following questions:

1. What is the structure of the optimal ad push policy in the absence of budget constraints?

2. How do customer characteristics (e.g., purchase rates and transition rates between active and

inactive states) affect the optimal policy?

3. How does the optimal policy change when there are budget constraints and a heterogeneous

group of customers? Is there an efficient heuristic policy with a good performance guarantee?

To answer the first question, we begin by considering one representative customer, as decisions
for different customers are independent in the absence of budget constraints. In this scenario, we

establish the optimality of a triple-threshold policy based on the silence time, (i.e., the time elapsed



after the last purchase or ad campaign), and the number of repeated ads (i.e., the number of ad
campaigns since the last purchase). Specifically, the seller will not push ads until the silence time
reaches a certain threshold depending on the number of repeated ads. Then, we investigate the
comparative statics of the optimal thresholds to shed more light on this problem. To determine the
optimal thresholds, the seller balances the trade-off between two countervailing effects: timeliness,
which measures how timely the seller delivers ad campaigns to inactive customers, and effectiveness,
which measures the expected benefit of sending an ad, calculated by the probability of a customer
being inactive (when sent an ad) multiplied by the activation probability and the increased profit of
accurate activation, minus the ad cost. Through extensive numerical experiments, we find that the
seller is inclined to push ads earlier to customers with high rewards, low ad costs, high activation
probabilities, high purchase rates, and low recapture rates (transition rate from inactive to active
state). Furthermore, we find, somewhat surprisingly, that the seller should push ads earlier to
customers with intermediate churn rates (transition rate from active to inactive states) compared
to those with low or high churn rates. We also provide theoretical verification for these comparative
statics in a special case (referred to as the “efficient-activation case”) where ad campaigns can
activate inactive customers with certainty (i.e., the activation probabilities equal one).

Having understood the optimal policy for a representative customer without budget constraints,
we then consider the problem when the seller faces a group of heterogeneous customers with budget
constraints over a finite time horizon. In such a case, the seller’s challenge is prioritizing customers
of different types and making the best use of limited resources over a finite horizon T. To address
this problem, we propose an easy-to-implement heuristic policy based on the optimal solution to
a relaxed problem. Then, we prove that the asymptotic optimality gap of the proposed policy is
@) (W ) for the general problem and O (\/1/_T ) for the efficient-activation case. Moreover, to
test the robustness of our results and enrich the insights, we consider the case when customers may
react strategically to the seller’s policy. We show that our main results still qualitatively hold and
obtain some additional insights in this setting.

To summarize, to the best of our knowledge, our work presents the first comprehensive pre-
scriptive analysis for the mobile ad campaign strategy when customer behaviors are governed by
a hidden Markov model. Our results provide crucial insights and practical guidelines for sellers
to design efficient mobile ad campaign strategies. By addressing these challenges, we contribute
to the advancement of mobile advertising in the digital marketing era, empowering businesses to
optimize their mobile ad campaigns.

The remainder of this paper is organized as follows. In the rest of this section, we review literature
related to our work. In Section 2, we formally introduce the model setup. In Sections 3 and 4, we

analyze the optimal ad push policy without budget constraints. In Section 5, we study the problem



under budget constraints and propose an easy-to-implement and asymptotically optimal algorithm.
In Section 6, we incorporate strategic customer behaviors into the base model. We conclude the

paper in Section 7. All proofs and additional materials are relegated to the Appendix.

1.1. Literature Review
Our work is broadly connected to several streams of literature. In the following, we provide a review
for each stream respectively.

Customer relationship management. The behavioral modeling in our paper is closely related to
customer relationship management, in which the seller analyzes and manages her interactions with
customers. In this area, some researchers focus on deriving behavioral models to estimate customers’
marketing values. For example, the pioneering work by Schmittlein et al. (1987) establishes a
behavioral model where an active customer makes purchases according to a Poisson process and
becomes inactive (i.e., churns) after an exponentially distributed lifetime. Since the seller cannot
observe each customer’s exact state, the authors provide methods to estimate each customer’s
active probability and future transactions based on the purchase history. Then, Fader et al. (2005),
Fader et al. (2010) and Bemmaor and Glady (2012) propose some variants of this model and report
the effectiveness of such kind of models on multiple datasets. However, the above studies ignore the
possibility that an inactive customer can become active again (see Jain and Singh 2002). To solve
this problem, Netzer et al. (2008) adopts a hidden Markov model to depict customers’ behaviors.
Specifically, each customer’s (hidden) engagement state evolves according to a Markov chain and
customers make purchases with state-dependent probabilities. Given the purchase history, they
provide a method to compute the conditional distribution over different states and the expected
number of future transactions. Such a model is also reported to fit well on several datasets, e.g.,
Schwartz et al. (2014), Huang et al. (2019) and Zhang et al. (2019). In this paper, we also adopt a
hidden Markov chain behavioral model but analyze the problem from the operational perspective,
which is different from the above literature that emphasizes estimation.

Then, we review papers in this field focusing on operational problems. First, there are works
considering customers who learn from historical interactions. For example, Aflaki and Popescu
(2014) study the optimal dynamic quality control when each customer infers the service quality
based on historical experiences, and find that a fixed-quality policy is optimal in the long run. Fol-
lowing a similar setup, when service quality cannot be controlled, DeCroix et al. (2021) show that
dynamic personalized pricing can fully combat the revenue loss due to service variability. Then,
given that each customer learns his service utility after his first purchase, Bernstein et al. (2022)
investigate the optimal (open-loop) intertemporal quality investment policy to maximize the aggre-

gate demand. The above literature implicitly assumes that customers are always active along the



time horizon and hence ignores the churn behavior, whereas in our paper customers’ engagement
states are time-variant and the churn behavior is studied. We also note some papers considering
customers’ churn behavior. For example, Bastani et al. (2022) propose a dynamic recommendation
algorithm for the case where a customer arrives with unknown preferences and may churn after
receiving irrelevant recommendations. For customers who may churn due to unsatisfied services,
Kanoria et al. (2024) investigate the optimal dynamic service mode control to maximize the rev-
enue before the customer churns. These works assume that customers’ states are fully observable,
whereas our work studies partially observable engagement states.

Moreover, we would like to highlight a closely related work, Sheng et al. (2022). In Sheng et al.
(2022), the authors investigate level-based games where each customer’s engagement state can be
represented by his (fully observable) level, and analyze when the game publisher should provide
the incented option (which allows players to get benefits by watching ads). They prove the opti-
mality of a threshold policy, which provides the incented option if and only if the level is below a
threshold. Then, we explain the salient features of our paper. First, we establish the optimality of
a triple-threshold policy under a partially observable Markov decision process (POMDP), which
is significantly harder than the fully observable case. As Sheng et al. (2022) noted, “in the situ-
ation where ... a POMDP model would be required ... the challenge of establishing the existence
of threshold policies is likely to be prohibitive.” Second, the managerial insights are different. The
purpose of the threshold policy in Sheng et al. (2022) is to utilize the incented option to reduce
low-engaged customers’ churn behaviors and prevent it from cannibalizing in-app purchases from
high-engaged customers. In contrast, due to partial information, the purpose of the threshold policy
in our paper is to balance the effectiveness and timeliness of ad campaigns.

Pulse marketing. The structure of our optimal policy shares some similarities with pulse mar-
keting, in which advertising effort concentrates on discrete points. There is much literature that
investigates the advantages of pulse marketing. For example, given an S-shaped sales response to
advertising effort, Mahajan and Muller (1986) show that pulse marketing can be optimal. Then,
Hahn and Hyun (1991) and Aravindakshan and Naik (2015) consider additional practical factors
(e.g., advertisement costs and memory effects) and identify more conditions when pulse market-
ing is optimal. In our paper, we prove the optimality of a triple-threshold policy, under which
the advertising effort is also exerted at discrete time points, which shares some similarities with
pulse marketing. However, the research on pulse marketing mainly focuses on the aggregate market
share and takes the same action to a large group of (non-atomic) customers, which is a common
setting in the area of promotion design (see Neslin et al. 2009). Since the uncertainty in customers’

behaviors cancels out in a large market, the proposed open-loop policies in these works can often



attain optimality. In contrast, motivated by the mobile ad practice, we study a personalized mar-
keting scenario where uncertainty in each (atomic) customer’s behaviors plays a crucial role, and
the consideration of partial information further complicates our model. In this case, an open-loop
policy cannot attain optimality, and we derive the optimal closed-loop policy in this paper.

Network revenue management. The budget-constrained case in our paper is broadly related
to network revenue management (NRM). In NRM problems, a seller manages limited inventory
of multiple resources over a finite time horizon, and customers with varying resource requests
and bid prices sequentially arrive at the system. Once a customer arrives, the seller makes an
irrevocable decision whether to accept the request, in order to maximize the total profit under the
inventory constraints. For this problem, researchers typically propose heuristic policies and then
provide regret bounds (see Gallego et al. 2019). For example, Talluri and Van Ryzin (1998), Cooper
(2002) and Reiman and Wang (2008) propose algorithms with O(VT) regret bounds, implying their
asymptotic optimality. Then, incorporating resolving techniques, researchers propose algorithms
with constant regret bounds, e.g., Jasin and Kumar (2012), Bumpensanti and Wang (2020), Vera
et al. (2021) and Li et al. (2024). The above literature focuses on independent demand, i.e., the
arrivals in different periods are independent. In contrast, our model captures the intertemporal
correlation by a hidden Markovian engagement state. Recently, there have been a few papers
considering the intertemporal correlation. For example, Bai et al. (2022) consider the case where
customers churn simultaneously after a random lifetime, and provide an asymptotically optimal
policy. Jiang (2023) studies the NRM problem with customer types evolving according to a Markov
chain, and derives a constant-approximation algorithm. Lan et al. (2026) investigate the problem
when customers’ preferences evolve according to a Markov chain if their requests are rejected by
the seller, and provide an asymptotically optimal policy. Compared with the above literature, the
consideration of partial information in our paper introduces an additional layer of complexity to
our problem.

Restless Bandit. The budget-constrained case in our paper is also related to the restless bandits.
In this problem, there are multiple arms, each of which evolves regardless of whether it is pulled,
and a principal can pull a limited number of arms in each period to maximize his total profit
(see Whittle 1988). There are also some asymptotically optimal policies in this area. For example,
Brown and Smith (2020) and Brown and Zhang (2022) propose heuristic policies for the finite-
horizon problem based on Lagrangian relaxation. These policies are asymptotically optimal when
the number of arms tends to infinity and the number of arms the principal can pull increases
proportionally. Our paper is different from this line of literature in two aspects. First, the restless
bandit problem considers a budget constraint in each period while we consider an overall budget

constraint over the whole time horizon. Second, the asymptotic results are different. Due to the



difficulty of the per-period constraint, there has not been any algorithm that is asymptotically
optimal in the sense that the time horizon tends to infinity (see Brown and Zhang 2023 for a
review).

Finally, our work is also related to the literature on recommendation systems and we refer readers
to Portugal et al. (2018) and Da’u and Salim (2020) for comprehensive reviews on this literature.
Typically, researchers in this area assume that each recommendation instantly generates a reward
(e.g., a click-through) while its impact on the customer’s hidden state is less considered. In contrast,
our work uses a hidden Markov model to depict the state of the customers and thus provides an

alternative approach to characterize the impact of a recommendation.

2. Base Model

We consider a seller (she) selling a single type of product to a pool of customers (he/them) over an
infinite time horizon. Each customer’s (hidden) engagement state evolves according to a continuous-
time Markov chain with two states, active (A) or inactive (I). A customer in the active state will
purchase from the seller according to a Poisson process, whereas a customer in the inactive state
will make no purchases. Moreover, the seller can push ad campaigns (e.g., SMS/MMS messages,
push notifications, and in-app messages) to activate customers at a cost. Observing only individ-
ual purchase histories, the seller aims to maximize the long-term average expected profit. In the
following, we specify customers’ behaviors and the seller’s optimization problem.

The Customer. We first model customers’ purchase behaviors without ad campaigns. As Brodie
et al. (2011) state, engagement is a dynamic and iterative psychological process, which is typically
not observable. In this paper, similar to Netzer et al. (2008), we adopt a hidden Markov behavioral
model with a Poisson purchase process. Such kind of behavioral models have been reported to fit
well on multiple datasets, e.g., Schwartz et al. (2014), Huang et al. (2019) and Zhang et al. (2019).
Specifically, we assume that each customer has a hidden engagement state s; € {A,I} at time .
The state dynamics is depicted as a continuous-time Markov chain, where a churn event (with rate
y € R;) represents an active customer becoming inactive and a recapture event (with rate 6 e Ry)
represents the opposite.

When a customer is in the active state, he will purchase from the seller according to a Poisson
process with rate A € R;; otherwise, the customer will not make any purchase. The parameters
are assumed to be known, as they can be estimated from historical behavioral data (see, e.g.,
Zhang et al. 2019).! To facilitate understanding customers’ behaviors, we provide an illustration

in Figure 1.

Ln practice, there may be insufficient data to estimate these parameters in the beginning, in which case a learning
algorithm may need to be considered. Since this paper focuses on the optimal ad push policy under the Markov
dynamics, we leave the analysis of the learning problem as a future research direction. We note that there are several
learning-while-doing algorithms with sub-linear regrets for average-reward MDP problems with constraints, e.g., Chen
et al. (2022a) and Ghosh et al. (2023). Those algorithms may be adopted in the learning problem.
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Figure 1 lllustration of customers’ behaviors. Only purchases can be observed by the seller.

The Seller. According to field experiments (see, e.g., Goldfarb and Tucker 2011, Andrews
et al. 2016, Rafieian and Yoganarasimhan 2021), ad campaigns can significantly boost customers’
engagement. Hence, we assume that when receiving an ad campaign, inactive customers become
active instantaneously with some activation probability, while active customers remain active.’
Moreover, we assume that the activation probability depends on the last event (whether a purchase
or an ad). Specifically, the activation probability is p, (pa, resp.) if the last event is a purchase (an
ad, resp.). We set p, > p, to capture the marketing fatigue phenomenon, i.e., repeated ad campaigns
may lead to a lower click-through rate (e.g., StackAdapt 2023). To facilitate understanding, we

illustrate the activation probabilities in Figure 2.
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Figure 2 lllustration of activation probabilities.

Without loss of generality, the production cost is normalized to zero. The revenue of each pur-
chase is denoted as r € R, and each ad campaign will incur an immediate cost ¢ € R;. In this work,
we focus on the scenario where the seller determines a personalized ad push policy. In many prac-
tical settings, the seller is able to conduct personalized ad campaigns based on customers’ emails
or phone numbers (see, e.g., Meta 2024). Without coupled constraints (e.g., a budget constraint on

2 Our main results still hold if we incorporate the phenomenon that given an ad campaign, an active customer may
become inactive with some probability (see Appendix B for more details).



the total ad cost), decisions on different customers are independent, and hence we can focus on a
single representative customer for analysis. As mentioned, a customer’s engagement state evolves
along the time horizon but cannot be perfectly observed. In practice, the seller needs to infer the
customer’s state and make decisions based on observed purchase and ad campaign records. In the
following, we formally formulate this problem as a partially observable Markov decision process
(POMDP).

From the seller’s perspective, the engagement state s; € {A,I} is insufficient to capture the
system dynamics due to the last-event-dependent activation probability. Thus, we define x; € X :=
{Ap,I,,Aq,1,, P} as the hidden state at time t. Specifically, both A, and I, indicate that the last
event was a purchase, implying that the activation probability is p,, but they differ in the current
engagement state sy, which is active or inactive. Likewise, A, and I, represent the case where the
last event is an ad push, implying a lower activation probability p,. The last state P represents
that a purchase happens, which is similar to A, except for an additional reward r. Note that the
engagement state is P only at every purchase time point, and transits to the state A, instantly.
Let a; € A :={0,1} denote whether an ad campaign is conducted at time t. The transition kernel
P(xt+at | x¢,at) is specified in Appendix A.2. Let the observation y; € Y :={0,1} denote whether
the seller observes a purchase at time t. As mentioned, a customer only makes purchases when his
engagement state is P. Thus, the observation kernel Q(y; | x;) is specified as Q (y; =1|x; =P) =1
and Q (yr=0|x; #P) =1.

Then, we specify admissible policies and the objective. Assume that each customer enters the
seller’s ad campaign system after one of his purchases, i.e., the initial state xo is known as Ay.
Then, the observed history at time t is h; := {xo} U {(ye, a¢)}eejo,r) Y {yt}. An admissible policy u
for the problem is defined as a sequence u = {u¢}t>o of stochastic kernels y; : hy — [0, 1] mapping
from the observed history to the probability of pushing ads. The reward function is specified as
R(xt,a;) =1{x; =P} -r—a;-c. Let N;;(t) and N&(t) denote the counting processes of purchases
and ad campaigns under a policy u, respectively. The seller will determine an admissible ad push
policy p to maximize its long-term average expected profit:

1
sup {liminf =E [r-N;,l(T)—C-N,f(T)]}, (1)
pell Tooo T

where IT denotes the set of all admissible policies.

3. Ad Push Policy
In this section, we investigate the optimal ad push policy for a representative customer. As men-
tioned, we consider the practical scenario where the seller can only observe the customer’s purchase

and ad campaign records, resulting in a POMDP formulation. Although deriving the optimal policy
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for a POMDP in general is hard, we show that there exists a succinct and insightful policy that is
optimal for this problem.

A standard approach for solving POMDPs is to convert it into an equivalent belief-MDP (see,
e.g., Feinberg et al. 2016), in which the state is the conditional distribution over the state space
X given the observed history h;. Moreover, at any time ¢, given the records of ad campaigns and
purchases, there are only three possible cases: x; € {Ap, I}, xt € {As, I} and x; € {P}. Thus, it is
sufficient to define the state as b; € B := {b €[0,13]]bllo < 1,b3 €10, 1}}, with by 1, by o and by 3
denoting the probabilities that the state is in A,, A, and P, respectively. Since the problem starts
with xog = Ap, we have bg =[1,0,0]. The transition kernel Pp(bs4a¢ | bt, at) and the reward function
Ry(b, a) are specified in Appendix A.2. In this case, an admissible (belief) policy u? is defined as
a sequence ub = {‘thB}tZO of stochastic kernels [,tf A{be}eefo, — [0, 1].

Among all admissible policies, there exist a class of special policies, stationary policies, that do not
change over time and map the current belief vector into a deterministic action, i.e., yf ({be}ge[olt]) =
[ulsg (by) €{0,1} for t > 0. Note that we follow the definition of stationary policies in Feinberg et al.
(2012) and Feinberg et al. (2016), and such policies are sometimes also referred to as nonran-
domized/deterministic stationary policies (e.g., Bertsekas and Shreve 1996, Guo and Rieder 2006).
Then, similar to Bai et al. (2022), we prove the existence of a stationary policy that is optimal to
the belief-MDP by checking assumptions in Theorem 4 in Feinberg et al. (2012) (see Appendix A.1
for the proof sketch and Appendix A.2 for the detailed proof.).

THEOREM 1. There exists a stationary policy /,tg :B —{0,1} that is optimal to the belief~-MDP
of problem (1).

According to Theorem 1, we can focus on the class of stationary policies. In the following, we
show that the optimal stationary policy can be represented by a succinct policy, such that the search
space can be further narrowed down. We first define a class of succinct policies and then show the
mapping from an optimal stationary policy to such policies. We call a purchase or an ad campaign
an event, and define the silence time 1; at time ¢ as the amount of time elapsed since the last event,
ie, nt=t—sup{f|y,=1 or ap = 1}. Moreover, we define the number n; of repeated ads to track
the number of ad campaigns since the last purchase, i.e., n; = |{€ <tlag=1, ¢>sup{l <t| y;= 1}}|
Then, we introduce a class of policies called triple-threshold policies.

DEFINITION 1. A policy @@ is called a triple-threshold policy if there exist three thresholds
w = (wo, w1, w2) such that p(n,n)=T(Nn=woandn =0)+1(n>w;andn =1)+ 1(n > w2 and n > 2).
That is, if there is no ad campaign since the last purchase, then the seller pushes ads once the
silence time reaches wg. If there is one ad campaign (at least two ad campaigns, resp.) since the

last purchase, then the seller pushes ads once the silence time reaches w; (w2, resp.).
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According to Definition 1, under a triple-threshold policy, the threshold depends on the number
of ad campaigns since the last purchase. Then, we establish that there exists such a policy that is

optimal to (1).
THEOREM 2. There exists a triple-threshold policy ¢ that is optimal to (1).

To prove Theorem 2, we first analyze the structural properties of the optimal stationary policy
/,tg mentioned in Theorem 1. Then, we map the policy ‘ug into a triple-threshold policy ¢®. To

facilitate understanding, we provide an illustration in Figure 3.
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Figure 3 lllustration of the belief-evolving process when no purchase happens.

Define two belief thresholds by, := sup{b € [0,1] | ySB([b,O, 0]) = 1} and b, = sup{b € [0,1] |
yg ([0,b,0]) = 1}. The mapping from ‘UE to @@ is as follows (some details are relegated to
Appendix A.3): As mentioned, each customer enters the system with the belief state [1,0,0]. As
illustrated in Figure 3, given the policy yg and no purchases, the belief by 1 of state A, gradually
decreases and no ads are pushed until the belief state becomes [b,,0,0], which implies a thresh-
old wq. Then, the seller pushes an ad and the belief state becomes [0,b, + (1 - b,)py, 0], where
by +(1=1by)pp is the updated belief of A, after an ad campaign. Then the belief b; 2 of state A,
gradually decreases and no ads are pushed until the belief state b; becomes [0, b,, 0], which implies
a threshold w;. After that, the state becomes [0, b, +(1—b;)pa, 0] and similarly induces a threshold
w3, which is the same for the remaining process. Note that wo can be different from w; because

by + (1 =b,)ps and by + (1 - by)p, may take different values. Once there is a purchase, the state
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becomes [0,0,1] and then jumps to the belief state [1,0,0] after the reward is collected. Starting
from the new state [1,0,0], the discussion is the same as the above.

According to Theorem 2, the problem is reduced to computing the optimal thresholds w embed-
ded in the triple-threshold policy. Then we define each interval between two adjacent purchases as
a “cycle”. Given a threshold policy ¢, we use mi(w) and xi(w) to denote the profit and the length
of the k-th cycle, respectively. These random variables mx(w)’s and ki(w)’s are independent and
identically distributed within their corresponding groups, resulting in a renewal reward process.
Let W(w) denote the long-term average expected profit under the threshold policy ¢®. According
to Theorem 3.16 in Ross (2013), we have that:

N(T)

Z ()
k=1

where T(w) and x(w) share the same distributions with 7(w)’s and xi(w)’s, respectively, and

E[n(w)]

ot e )

T | v ()| = 1im =
W(w) = liminf 2B |7 NI ()~ NI (1)) = Jim LE B (@)’

N(T) is the counting process of cycles. Based on the number of ad campaigns within a cycle, we
first categorize cycles into the following three types.
1. No-ad cycle: No ad campaign is pushed. In this case, we have (@) =7 and x(w) < wy.
2. Single-ad cycle: One ad campaign is pushed. In this case, we have m(w)=7r —c and k(w) €
[wg, wo + @1).
3. Multiple-ad cycle: At least two ad campaigns are pushed. In this case, if m ads are pushed,
then we have (w)=7r—mc and x(w) € [wg + w1 + (M — 2)w2, Wo + w1 + (M — 1)w2).
According to the mapping in Theorem 2 and Figure 3, we can focus on the case where the
thresholds @ can be expressed as functions of b, and b,, such that the computation is more
tractable. Given the thresholds w, we can derive the expected cycle profit and cycle length,
E[n(w)] and E[x(w)]. Then, we can compute the optimal long-term average expected profit W(w) =
E[n(w)] /E[x(w)] and expand it as an expression of b, and b,. Lastly, we solve the optimal belief
thresholds (b}, b;) and derive the corresponding optimal thresholds @®. For detailed computation,

see Appendix A.5.

4. Comparative Analysis of Optimal Thresholds
In this section, we investigate the comparative statics of the optimal thresholds w®. To start with,
we first numerically illustrate the impacts of several parameters, including the cost-reward ratio
c/r, the purchase rate A, the recapture rate 6 and the churn rate y (these observations will soon
be theoretically proved in some special cases). The results are shown in Figure 4.

In the following, we summarize several observations in Figure 4 and then present valuable insights

into these results. Before proceeding, we first introduce general insights for the optimal thresholds
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Figure 4 " as functions of different parameters (A1=1.5, y=1, =1, r=1, c=0.2, pp =0.8 and p, =0.5).

@*. Given that the expected average profit W(w) is obtained by dividing the expected cycle profit
E[n(w)] by the expected cycle length E[x(w)], we can identify the key factors that significantly

influence the threshold policy in the following manner:

1. Effectiveness: To maximize the profit contribution of each ad campaign, the seller shall
postpone the ad campaigns (i.e., enlarge @) in order to target inactive customers more accu-
rately. In other words, effectiveness can induce larger expected cycle profit E[n(w)], thereby
increasing the profit W(w). To be precise, the effectiveness can be conceptually represented

as follows:

Effectiveness = Inactive Probability X Activation Probability X Activation Profit — Ad Cost,  (3)

where the inactive probability means the likelihood of the targeted customer being inactive
when sent an ad (i.e., 1 — 2?21 bt i), which increases in the silence time. The activation proba-
bility can be p, or p, due to customers’ fatigue to promotion. The activation profit measures
the profit difference between customers in the active and the inactive states. As the thresholds

w increase, the effectiveness is enhanced due to the increased inactive probability. Moreover,
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due to customers’ fatigue to promotion (i.e., pp > p,), the effectiveness corresponding to wf is
greater than that corresponding to w] and wy,.

2. Timeliness: To sustain high customer engagement, the seller has the incentive to advance the
ad campaigns (i.e., reduce w) to activate inactive customers earlier. In other words, timeliness
can induce short expected cycle length [E[x(w)], thereby increasing the average profit WV(w).
Apparently, as the threshold w increases, the timeliness is diminished.

The optimal threshold w* achieves a balance between the effectiveness and the timeliness, with
effectiveness being more significantly impacted by the model parameters compared to timeliness.
Consequently, as the effectiveness of ad campaigns is diminished (enhanced, resp.) at any given w,
the optimal threshold @* should increase (decrease, resp.) in order to maintain this balance. Then,

we are ready to discuss several observations from Figure 4.

Observation I (Figure 4a): impact of the cost-reward ratio c/r. All thresholds w}’s increase
in the cost-reward ratio ¢/r and tend to infinity when c/r is sufficiently large. Moreover, as c/r
increases, w] and w; simultaneously tend to infinity first, and then w( tends to infinity.

As the cost ¢ increases or the reward r decreases, the effectiveness in (3) is diminished at any
given w, resulting in increased thresholds w”. When the cost-reward ratio is larger than some cut-off
value, the effectiveness becomes non-positive and hence the corresponding optimal thresholds tend
to infinity. Since p, < pj, the effectiveness corresponding to wy is greater than that corresponding
to w] and w3, such that w] and wj tend to infinity before wy. This suggests that the seller
should push ad campaigns earlier to customers with low ad costs, as it is more effective and cost-
efficient in reaching the desired target audience. In recent years, it has been increasingly harder
to reach customers due to the rise of ad blockers, resulting in an increase in the ad cost (see The
New York Times 2019). As a result, marketing managers may need to evaluate the ad cost and
strategically slow down or even abandon advertisements to high-cost customers. By doing so, they

can potentially save costs while still activating their target audience effectively.

Observation II (Figure 4b): impact of the purchase rate A. All thresholds w}’s decrease in
the purchase rate A and tend to infinity when A is sufficiently small. Moreover, as A decreases, w]
and w} simultaneously tend to infinity first, and then w( tends to infinity.

As the purchase rate A increases, both the activation profit and the inactive probability increase
because an active customer makes more purchases and the same silence time implies a higher
inactive probability. In this case, the effectiveness of ad campaigns (as measured by (3)) is enhanced
at any given w, leading to decreased thresholds w*. That is, the seller should push ad campaigns

earlier to customers with high purchase rates. Similar to Observation I, as A decreases, w] and
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tend to infinity before wf because p, > p,. As the survey UNCTAD (2020) shows, the COVID-
19 pandemic accelerates the shift toward a more digital world, resulting in customers’ increased
purchase frequency of online shopping. In response to such changes, online sellers shall push ad

campaigns earlier in this post-pandemic era.

Observation III (Figure 4c): impact of the recapture rate 0. All thresholds w}’s increase
in the recapture rate 0 and tend to infinity when 0 is sufficiently large. Moreover, as 0 increases,
w)] and w; simultaneously tend to infinity first, and then w; tends to infinity.

As the recapture rate 6 increases, inactive customers spontaneously become active after a shorter
time, resulting in lower inactive probability and lower activation profit at any given w. In this case,
the effectiveness is diminished and hence the optimal thresholds increase in 8. Therefore, the seller
should push ads later to customers with high recapture rates. Moreover, when 6 is sufficiently

large, the effectiveness is non-positive and hence it is not worthwhile to push ads.

Observation IV (Figure 4d): impact of the churn rate y. All thresholds w’s first decrease
and then increase in the churn rate y and tend to infinity when y is either sufficiently large or
small. Moreover, as y increases, @] and w;, simultaneously tend to infinity first, and then w tends
to infinity.

As the churn rate y increases, active customers transition to the inactive state after a shorter
time, resulting in higher inactive probability but lower activation profit at any given w. When y
is small, the customer will stay in the active state with a high probability, resulting in a minuscule
inactive probability. When y is large, an active customer will transition to the inactive state soon,
resulting in a minuscule activation profit. In both cases, the effectiveness is minuscule such that
the optimal threshold is large and even infinity. In contrast, when 7y is intermediate, both the
inactive probability and the activation profit are away from zero, resulting in a relatively significant
effectiveness (and hence a small optimal threshold). This implies that sellers should mainly focus
on customers with intermediate churn rates. Numerous marketing surveys (see, e.g., KPMG 2020
and Deloitte 2021) have revealed substantial impacts of COVID-19 on customer behaviors, which
further induce noticeable shifts in churn rates and recapture rates. For instance, TechSee (2022)
reveals a noteworthy decline in product-dependent brand loyalty and an increase in churn events
when compared to the pre-COVID era. In light of such changes, sellers are suggested to re-evaluate

customers’ behavioral parameters and adapt their policies accordingly.

Then, we investigate the impacts of the activation probabilities (p, and p,). We illustrate the
numerical results in Figure 5 when c is relatively large, and then discuss some observations.
Moreover, if ¢ is extremely small, there could be some additional observations due to the subtle

correlations between the three thresholds and we provide more discussions in Appendix EC.2.1.
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Observation V (Figure 5a): impact of the activation probability p, for non-fatigued
customers. All thresholds w’s decrease in p, and tend to infinity when p, is sufficiently small.
Moreover, as p, decreases, @] and wj simultaneously tend to infinity first, and then w{ tends to
infinity.

As p, increases, the enhanced effectiveness of ad campaigns for non-fatigued customers leads to
a reduction in the optimal threshold wy, for non-fatigued customers. Meanwhile, it also enlarges the
difference between active customers (without fatigue) and inactive customers, i.e., the activation
profit of ad campaigns for fatigued customers. In other words, the effectiveness of ad campaigns
for fatigued customers is enhanced by the spillover effect from ad campaigns for non-fatigued
customers. Thus, w] and @} also decrease in py,. Since the spillover effect is limited, as p, decreases,

w] and wj tend to infinity before wy.

Observation VI (Figure 5b): impact of the activation probability p, for fatigued cus-
tomers. All thresholds @ decrease in p,, and @] and wj tend to infinity when p, is sufficiently
small.

Similar to the discussion for Observation V, as p, increases, the effectiveness of ad campaigns
for fatigued (non-fatigued, resp.) customers is enhanced due to the increased activation probability
(spillover effect, resp.). When p, is sufficiently small, the effectiveness of ad campaigns for fatigued

customers is non-positive and hence w] and wj tend to infinity.

Next, we verify the observations in some special cases. In particular, we establish structural

properties of the optimal thresholds w* in the following proposition.

PROPOSITION 1. If py =pa, then wy > w] =wjy. If pp =pa =1, then wy=w] = wj.
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According to Proposition 1, the triple-threshold policy degenerates to a single-threshold policy
when p, = p, =1, which is referred to as the “efficient-activation case”. In this case, the formulas
are significantly simplified so that analytical results can be derived. The computation details are
relegated to Appendix EC.3.1 and the objective function is as follows:

A0 (2gr —(c+7)e"2CHHH0) (1)~ A 4 0)e@" + e +c—y+A - 6))
W (w) =

e 290 +M0) (_9 (12 4 (A +20) + 6(6 — A)) sinh (%) —2¢ ((y + 0) cosh (%)) +2c(y + 0)’

where ¢ = \/()\ +y+0)?-4A0 is defined to simplify the formula, and sinh(-) and cosh(-) are the
hyperbolic sine and cosine functions, respectively. Let @* = argmax,s,WE(w) denote the opti-
mal threshold. In this case, we are able to theoretically prove Observations I-IV in the following

proposition.

PROPOSITION 2. For the efficient-activation case, the analytical properties of the optimal thresh-

old w* are as follows (the detailed formulas of a, A, 0, 71 and y2 are provided in Appendiz EC.1):

When c/r € (0, a), w* increases in ¢ and decreases in r; otherwise, w* tends to infinity.

When A € (A, ), w* decreases in A; otherwise, w* tends to infinity.

When 6 €(0,0), w* increases in 0; otherwise, w* tends to infinity.

When y € (71,72) and 6 =0, w* first decreases and then increases in y; otherwise, w* tends

to infinity.

According to Proposition 2, Observations I-IV are theoretically verified for the efficient-activation
case. Note that even in this special case, it is nontrivial to derive the theoretical results due to the
complicated expression of WE(w) in (4). Moreover, if we consider the efficient-activation case with
0 =0, i.e., no recapture events, then there exist closed-form expressions for the optimal threshold

and the corresponding profit (see Appendix EC.3.5), which can be useful for practical deployment.

5. Ad Push Policy with Budget Constraints
In Section 3, we analyzed the seller’s optimal ad push policy for a representative customer without
constraints. In practice, the seller usually sets a budget constraint for each cluster of customers
(e.g., customers in the same region) over a finite horizon (e.g., a month or a quarter). In this case,
decisions for a cluster of customers are coupled and we focus on a representative cluster, which
is a large pool of heterogeneous customers, each with a different set of parameters. Specifically,
suppose there are M customers and customer j is characterized by the parameter set (cj, 7j, A;,
Vis Ojs Ppjs Paj)-

In the following, we slightly abuse notations. Let x; € XM denote the state vector of all customers,
y, € YM denote the purchase vector, and a; € AM denote the action vector. Similar to the base

model, we assume that the initial state xo satisfies xo,j = A, for all j. Then, the observed history
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at time t is by = {xo} U {(y,, a¢)}eepo,r) Y {y,}. An admissible policy u is defined as a sequence
= {ut}e=0 where each pg : hy — [0,1]M is a mapping from the observed history to a probability
vector of pushing ads. Given any policy u, we use N;]. and N;’]. to denote the counting processes
of purchases and ad campaigns of customer j. As mentioned, the seller has a budget constraint
for the total ad cost ‘]\Z/Il Cj -N’il’j(T) < B-T, where B measures the average budget per unit of time.

Thus, the seller chooses an ad push policy to maximize its average expected profit as follows:

M

_ 1 N ATk

V() =max E Z;(r]Np,j(T)—c]Na,j(T))
]:

M

s.t. chNflj(T)SBT (a.s.),
=1

where Il is the set of all admissible policies for the problem over the time horizon T.

For a continuous-time partially observable MDP with constraints, efficiently deriving the exact
optimal policy, or even a near-optimal policy, is in general intractable. In the following, we aim
to provide a heuristic policy that achieves a certain performance guarantee. Specifically, we first
analyze a relaxed problem and then design an asymptotically optimal policy based on the optimal
solution to the relaxed problem.

First, we define a relaxed problem V(T) with the almost-sure budget constraint replaced by an

expectation constraint as follows:

M
7(T) = max %E Z(er;‘,].(T)—chflj(T))

‘LLEHT ]=1 6
" (6)
ATH
st. B ZCJNM.(T) <B-T.
j=1

The following lemma describes the relationship between V(T) and V(T).
LEMMA 1. The optimal objective of (6) is an upper bound of that of (5), i.e., V(T)>V(T).

According to Lemma 1, the relaxed problem can serve as an upper bound of the initial problem.
However, problem (6) is still intractable. In the following, we modify the time horizon in the relaxed
problem to infinity and the resulting problem is referred to as the “infinite-horizon relaxed prob-
lem”. Then, we demonstrate that its optimal solution exhibits some favorable structural properties,
allowing for an efficient optimization algorithm. Building on this finding, we introduce a simple
yet asymptotically optimal heuristic policy for the initial problem (5). Our discussion begins by

examining the infinite-horizon relaxed problem.
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5.1. Infinite-Horizon Relaxed Problem
In this section, we study the infinite-horizon version of the relaxed problem V(T). Specifically, the
infinite-horizon relaxed problem is as follows:

1
Vo =max liminf =IE
p€lle T—oo T

M=

. (er;’,j(T) - c]-Nf/j(T))
] (7)

¢j -N;‘j(T) <B,

I
—_

Mz

1
s.t.  limsup T]E

T—o0 =1

where Il is the set of all admissible policies for the infinite-horizon problem.
Similar to the base model, we first define a policy that applies a triple-threshold policy to each
individual customer. We call such a policy a “decentralized triple-threshold policy.” We first have

the following result.
PROPOSITION 3. For (7), there exists an optimal policy that is a decentralized triple-threshold
policy.

According to Proposition 3, the seller only needs to determine the optimal thresholds w; for
each customer j. In this case, the infinite-horizon problem (7) can be rewritten as the following

format (see Theorem 3.16 in Ross 2013):

- S Elrj())]
P a0 24 Bl
. iE[%‘(“’])] B N
24 Eljlap] =

where 1j(w;) = r; — mj(w;) is the random ad cost of each cycle of customer j. Let a);‘ denote
the unconstrained optimal threshold derived in the base model and g;j(w) = E[¢;(w;)]/E[x(w;)]
denote the budget consumption of customer j under the triple-threshold policy ¢®/, respectively.

Then, the property of the optimal solution to (8) is summarized in the following lemma.

LEMMA 2 (Optimal Threshold Policy under Budget Constraints).
M

1. When B> ), q]-(a)}‘), the optimal solution to (8) is a);. = w;‘ for any j.
j=1

M M
2. When B< ), qj(a);‘), the optimal solution to (8) satisfies that Z q]-(a);) = B and there exists

j=1 j=1
a constant £ > 0 such that the optimal threshold for customer j can be solved from (2) by

plugging in the parameter set (1+£€)cj, v, Aj, Vi, 0j,Pp,isPa,j)-
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According to Lemma 2, when the budget is sufficient, the optimal policy is to implement the
unconstrained optimal policy for each customer. Otherwise, there is a penalty factor { capturing
the scarcity of the budget, and the optimal threshold for each customer should be solved from a
cost-penalized problem. In this case, we can find the optimal policy by a 1-D search of the penalty
factor /.

In the following subsection, we propose a heuristic policy for (5) based on the optimal policy of

(8), and then prove its asymptotic optimality in the following subsection.

5.2. Budget Allocation with Thresholds (BAT) Policy
In this subsection, based on the optimal solution to (8), we construct a heuristic policy for the
finite-horizon problem (5) under the almost-sure constraint, named the Budget Allocation with

Thresholds (BAT) policy. The details of the policy are given in Algorithm 1.

Algorithm 1 Budget allocation with thresholds (BAT) policy

Solving (8) to obtain the optimal thresholds and the corresponding budget consumption (a);, q]*. =
qj(a);)) for each customer j;

Allocate Q; = q]*.T budget to each customer j;

Apply the triple-threshold policy (pw; to customer j until the allocated budget Q; is exhausted.

With the BAT policy, the seller is only required to solve the optimization problem (8) at the
beginning. Afterward, the seller can assign a budget and separately implement a triple-threshold
policy for each customer until the corresponding budget runs out. Compared to solving the exact
optimal solution to V(T), such a simple policy does not suffer from the curse of dimensionality and
is easy to implement in practice. In addition to this advantage, in the following proposition, we
provide an upper bound for the optimality gap (which may also be referred to as “regret”) of the

BAT policy (denoted by A).

THEOREM 3. Let VA(T) denote the average expected profit of the BAT policy over the time

horizon T. Then, we have:

V(T)- VAT <V(T)-VAT)=0

T

logT)
Moreover, for the efficient-activation case (where pp =p, =1), we have

)

V(T)- VAT <V(T)-VAT)=0
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According to Theorem 3, the BAT policy is asymptotically optimal as the time horizon tends to
infinity. The detailed proof of Theorem 3 is relegated to Appendix A.9. Here, we provide a sketch
of the proof. First, the inequality is direct from Lemma 1, and hence we can focus on the gap

V(T) = VA(T). Then, we decompose the optimality gap into two components:

V(T)-VAT) < V(T) - VAT) = V(T) = Vo + Voo = VI(T). (9)

Aq Az

Before proceeding, we would like to highlight several technical features that are different from
traditional NRM literature. First, the BAT policy is directly associated with the infinite-horizon
relaxed problem V., rather than the finite-horizon upper bound V(T). Thus, we need to provide
an upper bound for Ay, a term that is absent in traditional NRM literature. Second, due to the
incorporation of intertemporal correlation and partial information, we analyze As by cycles defined
in the base model. These features entail special treatments in our analysis.

In (9), the first term A; measures the difference between the optimal values of the finite-horizon
and the infinite-horizon problems. We can first use Lagrangian relaxation to simplify A; such that
the budget constraints can be ignored. In this case, we use u; to denote the optimal policy for

V(T), and construct a feasible infinite-horizon policy for Vu. For each of exposition, we illustrate
the constructed policy in Figure 6.

by by b
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> Time
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Figure 6 lllustration of constructed infinite-horizon policy.

Specifically, as Figure 6 shows, we consider a feasible infinite-horizon policy uy’ as follows: For
each k €Z,, the policy u7 implements the policy u7. during the interval ((k —1)T, kT) and utilizes
an “efficient-activation” action at time kT. In this case, the profit difference between u7. and uF
only happens at the time points {kT }x=o,1,... For each customer j, we can prove that each efficient-
activation action’s contribution to the total profit is upper bounded by a constant Cj, which is
independent of T. Then, we can deduce the following inequality:

_ L e 4G
Ay =V(T) = Voo < V(T)-VET = Z TJ =O(1/T).
j=1
The second term Ay measures the average profit difference between the infinite-horizon relaxed

problem and the BAT policy. In this case, we analyze the problem by cycles, whose cycle profits

and cycle lengths are i.i.d. random variables. To provide a lower bound for V(T), we consider
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nj= LT/]E[K(a)’;)] —¢j] cycles of customer j, where €; = O(yTlogT). Then, we can use the Chernoff
bound to prove that the following conditions (we call an event a good event if it satisfies these
conditions) are satisfied with probability no less than 1 —-2/T:

1. The system does not terminate before the end of the nj-th cycle.

2. The budget is not exhausted at the end of the n;-th cycle.

3. The total reward during the first n; cycles is n;r;.

4. The total ad cost is no greater than q]*.T due to allocated budget.

Under the good event, during the time horizon T, the total reward is no less than n;r; and the

total ad cost is no greater than q;T. Then, the regret incurred under the good event is no greater

[log T
T 7

where the inequality is because 1 —2/T <1, q}f = q]-(a);) =E [r]- —n]-(a)’]f)] /E [K]-(a)]-)] and n;j >

than

( )E[Kj(w;)] 7(njrj = ;1) SE[K]_((U;)] T E[K(w;)] €j=11rj=0

T/E [K(a);)] —€;j—1. As for the bad event (which means an event in which some of conditions 1-4 do

not hold), the regret incurred under the good event is no greater than 2E [n]-(a);f)] /E [K]-(a)’]f)] =

@) (%) . Thus, we have
logT
T

rofg)-o

Ay <O

logT
7|

Finally, combining the above two terms, we derive the order for (9) as

[log T [log T
T T |’

which finishes the proof for the general case. In the following, we provide a better upper bound for

V(T)—Vﬂ(T)SA1+A2§O(%)+O -0

the regret under the efficient-activation case where p, =p, = 1. Under the efficient-activation case,
an ad campaign can activate customers with certainty and hence the intertemporal correlation can
be stopped once there is an ad campaign. Such a weaker correlation leads to a better upper bound.

In this case, the upper bound for A is still O(1/T). As for Ao, we further decompose it as follows:
Ay = Voo = VA(T) = (Voo - R?‘B(T)) + (RﬂB(T) - vﬂ(T)) ,

where Ap is the policy that implements the decentralized threshold policy in A over the time
horizon T without the budget constraint, and R(T) is the average expected profit under such a
policy. First, similar to the analysis for A;, we can construct an infinite-horizon policy based on

Ap and then show that Ve, — RB(T) < O(1/T).



23

Second, the profit difference R8(T) - VA(T) is due to the additional ad campaigns delivered
by the policy Ap. Since actions on different customers are independent, we can focus on a repre-
sentative customer and temporarily omit the subscript j. In this case, since an ad campaign can
activate customers with certainty, we define each interval between two adjacent ad campaigns as
an “ad cycle”. Let vi denote the random cycle length of the k-th ad cycle. Similar to Section 4,

Vi’s are i.i.d. variables. Since each ad cycle corresponds to an ad campaign, the remaining budget

LgT/e]
k=1

we shown in the analysis for Aj, the profit contribution of an ad campaign is upper bounded by

_ +
is less than ¢ after time T4 = )| vk, and there are at most % additional ad campaigns. As

a constant C. Then, by Proposition 1 in Gallego (1992), we can provide an upper bound for the

average profit difference as

1 _[(T-Tn)*C]_ C v C _NVar(Ta)+2E[vi] 1
T]E w* - To* XEBUT-Ta)" 1= T w* % 2 =0 (ﬁ) '

where Var(Ty) is the variance of T4 and its order is O(T). Then, we can derive that R75(T) —
VA(T) < O(1/NT).

To summarize, we can deduce that
By = (Ve = R™(T) ) + (R78(T) - VA(T)) = O(1/T) + O(1/NT) = O(1/VT),
which implies that V(T)— VA(T) < Ay + Ay = O(1/VT) for the efficient-activation case.

6. Extension: Strategic Customers

In the base model, customers are assumed to be myopic. That is, they make purchases according
to an exogenous Poisson process when they are in the active state. This assumption is reasonable
if the ad campaign does not provide additional benefits to the customer. However, in practice,
some ad campaigns may come with a benefit for the customer (e.g., Starbucks may send a push
with a free upsize coupon and customers can have extra gains when purchasing with the coupon).
In such a case, customers may have an incentive to determine their strategies in response to the
seller’s policy if they find it beneficial to do so. In this part, we incorporate such customer strategic
behaviors and analyze the optimal policy. Specifically, an active customer raises purchase impulses
according to a Poisson process with rate A. When a purchase impulse comes up, the customer can
choose to purchase immediately, which gives him an immediate surplus u —r (where r is the price
disutility). However, a strategic customer may choose to hold the impulse and wait for a certain
amount of time in order to receive an ad campaign with benefits.”> We assume the customer has a

3 The strategic customer is also assumed to hold one unit of demand during the waiting period. In reality, even after
strategic waiting, customers typically only purchase one unit of the commodity (e.g., a cup of coffee).
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time discount factor 6 and there is an additional utility u, if he purchases with the given benefit
(we also assume there is no additional cost for the seller since for many industries such as coffee
and video games, the variable cost of providing service is negligible compared to the revenue).*
Then, if he waits for f time units and receives an ad campaign with benefits, then the utility is
e % (u +u, —r). Therefore, a customer determines whether to wait for the ad campaign that arrives

after t time units according to the following problem:

max{ u-r, e Hu+u,—r)} (10)
Do Not Wait Wait

When a tie happens in (10), we assume that the customer does not wait. From (10), we can solve

). Given a triple-threshold policy

for the maximal time the customer will wait as & := %ln (1 + ““r

u—

@@, the strategic behaviors of customers with different impulse generation times are illustrated in

Figure 7.
Purchase Wait Purchase Wait Purchase Wait
A A A A A A
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Figure 7 lllustration of strategic customers’ behaviors with different impulse generation times under triple-

threshold policy ¢ with bg=[1,0,0].

According to Figure 7, as an impulse is generated and the current threshold is w;, if the silence
time 7 is greater than w; — &, then the customer will wait until an ad is pushed rather than making a
purchase instantly. Then, we compute the long-term average expected profit under triple-threshold
policies. Similar to the base model, we still define each interval between two adjacent purchases
as a “cycle”, and use 7°(w) and x°(w) to denote the random cycle profit and cycle length under
a triple-threshold policy ¢“. Then, according to Figure 7, the cycles can be categorized into the
following three types.

1. No-ad cycle with direct purchase (applicable when wg > &): No ad campaign has been pushed
since the last purchase, and the purchase impulse is generated at least & time units before the
next ad campaign time. In this case, 75(w)=r and «%(w) € [0, wg — &].

4 We assume that there is no time discount for the seller. That is, the seller aims to maximize the long-term revenue.
Such discrepancy in discount factor is reasonable and has been adopted in prior literature. In particular, the customer’s
discount is due to the delay of satisfaction, which is usually significant over time. In contrast, the seller’s discount
is mainly due to the discount in money’s value, which is usually much less significant. Such treatments of discount

factors (different discount factors between seller and customer) can be found in many previous works, e.g., Amin
et al. (2013), Mohri and Munoz (2015) and Chen et al. (2022b).
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2. Single-ad cycle with waiting: No ad campaign has been pushed since the last purchase. After
the purchase impulse is generated, the customer waits until the next ad campaign is pushed.
In this case, 75(w) =7 — ¢ and x5(w) = wy.

3. Single-ad cycle with direct purchase (applicable when w; > &): One ad campaign has been
pushed since the last purchase, and the customer makes a purchase once an impulse is gener-
ated. In this case, m°(w) =7 —c and «¥*(w) € [woy, W + w1 — &].

4. Double-ad cycle with waiting: One ad campaign has been pushed since the last purchase. After
the purchase impulse is generated, the customer waits until the next ad campaign is pushed.
In this case, 7°(w)=r—2c and ¥%(w) = wo + ;.

5. Multi-ad cycle with direct purchase (applicable when ws > &): At least two ad campaigns have
been pushed since the last purchase, and the customer makes a purchase once an impulse is
generated. In this case, if m > 2 ads have been pushed since the last purchase, then 75(w) =
r—mc and x°(w) € [wo + w1 + (M = 2)ws, wo+ w1 + (M — 1wy —&].

6. Multi-ad cycle with waiting: At least two ad campaigns have been pushed since the last pur-
chase. After the purchase impulse is generated, the customer waits until the next ad campaign
is pushed. In this case, if m >2 ads have been pushed since the last purchase, then 75(w) =
r—(m+1)c and ¥5(w) = wo + w1 + (M — V) ws.

Then, the objective function can be computed as W (w) := E[n°(w)]/E[x°(w)], and then the

S

optimal thresholds w*"* can be solved. The detailed computation is relegated to Appendix EC.3.2.

6.1. Unconstrained Case

In this subsection, similar to Section 4, we start with the unconstrained case and investigate the

comparative statics of the optimal thresholds w®*. First, in Figure 8, we illustrate the impacts

of the parameters investigated in Section 4 on the optimal thresholds @S* through numerical

experiments. According to Figure 8, Observations I-VI still hold when customers are strategic.”
Then, in Figure 9, we illustrate the impacts of the parameters related to the strategic behavior

(i.e., 0, u, uy, and r) through numerical experiments. Then, we discuss some additional observations

from Figure 9.

Observation VII (Figures 9a-9c): impact of the discount factor 6 and the utilities u
and u,. All thresholds a)l.s’*’s decrease in 6 and u, and increase in u,. To explain, as 0 and u
increases or as u, decreases, the maximal waiting time & is shortened. This mitigates strategic
customer behavior, thereby improving the activation profit. Thus, the effectiveness is enhanced

and the optimal thresholds a)l.s’*’s decrease.

5 Note that Observation I holds when r is fixed.
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Figure 8 > as functions of different parameters (A=1.5, y=1, 6=1, r=1, c=0.2, pp =08, pa=0.5, u=2,
ug =1 and 6 =5).

Observation VIII (Figure 9d): impact of the price r. All thresholds a)l.s’*’s first decrease
and then increase in r. To explain, as r increases, both the reward r of each purchase and the

strategic waiting time & increase, resulting in countervailing effects on the activation profit. Recall

that & = %ln (1 + u”_“r). When r is small, the increment in purchase reward is more significant, and
the optimal thresholds decrease due to the enhanced effectiveness. When r is large, the impact of

the enlarged waiting time is more significant, and hence the optimal thresholds increase.

6.2. Constrained Case

In this subsection, similar to Section 5, we consider M customers and each customer j is character-
ized by the parameter sets (C]', ri, A i, 0, Ej,pp,j,pa,j). Given a time horizon T, the total ad cost
budget is B-T. Similar to (8), if we focus on triple-threshold policies, the optimal triple-threshold

policy for the infinite-time case can be solved from the following problem:

VS = max i w
01,w2-0n20 B[R (w))] (11)
M E[%S(“’J)]
s.t Z S /
= E[Kj (a)])]

where gbf(a)j) =7j- n}s(w). Define qf(w) = ]E[l,bf(wj)]/]E[K?(a)j)]. Based on the optimal solution
to (11), we construct a modified BAT policy in Algorithm 2, which is denoted by As.
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Algorithm 2 Budget allocation with thresholds policy for strategic customers (BAT-S policy)

Solving (11) to obtain the optimal thresholds and the corresponding budget consumption
((u;,q; = q}s(w;)) for each customer j;

Allocate Q; = q;T budget to each customer j;

Apply the triple-threshold policy (pwf to customer j until the allocated budget Q; is exhausted.

Let V37s(T) denote the average expected profit of the BAT-S policy over the time horizon T.

In the following proposition, we provide an upper bound for the gap between V3 and VAs(T).

PROPOSITION 4. For the general case, we have VS —V57As(T) =0 (\/log T/T). For the efficient-
activation case (where pp =pa =1), we have VS —V5M(T)=0 (Vl/T).

According to Proposition 4, as the time horizon T increases, the average profit under the BAT-S

policy converges to that under the optimal triple-threshold policy for the infinite-horizon case.

6.3. Benefit of Randomness

In this subsection, we demonstrate that different from the base model, the triple-threshold policy
may not be optimal, i.e., Theorem 2 does not hold in this case. Specifically, in the following, we
use an example to show that a randomized policy can achieve a higher profit than that under the
optimal triple-threshold policy.

ExAMPLE 1. Consider the case when A =3, y=1, 06 =05, pp=p,=1,r=1,¢c=0.2, u =2,
U, = 0.6 and 6 =0.5. In this case, given a deterministic threshold, the maximal waiting time is
& =0.94. Since p, = p, =1, the optimal triple-threshold policy degenerates to a single-threshold
policy. The optimal deterministic threshold is w* =1.74 and the corresponding long-term average
expected profit is W (w*) =1.30.

Now we consider a two-point distributed random threshold Q with w} =0.93, w} =1.87, p1 = 0.33
and p2 = 0.67. By some calculations, we can verify that the average expected profit of the corre-
sponding policy is W?(Q) = 1.36, which is about 5% greater than that of the optimal deterministic

policy. m|

Here, we provide insights into why the randomized policy above can improve the profit. Given

the silence time 7, each customer determines his action according to the following formula.

max{ u-r, ple_‘s(“’z_”)(u +u, —r)+ pge_é(“)i_”)V(a)I)}, n€l0,w])

——
v _ Do not wait ) Wait 12
) max{ u-r, e 0@ (y 4y, — 1)}, n€lw], wj). 12)
——
Do not wait Wait

To facilitate understanding, we illustrate customers’ strategic behaviors in Figure 10 when w; —

w] > &. As Figure 10 shows, if the purchase impulse comes when 1 > w] and no ad campaign is
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provided, then the customer can infer that an ad campaign will be pushed when 17 = ws. Therefore,
the decision problem with 7> @] in (12) is similar to (10) and hence his maximal waiting time
is also & (see the interval [w], w}] in Figure 10). In Example 1, since w} — w] > &, an impulse
generated when 1 = @] will instantaneously induce a purchase and hence V(w])=u —r. Then we
discuss purchase impulses that come when 1 < @]. In this case, if the customer waits until n = w]
but the realized threshold is w/, then the customer will purchase without a benefit and get the

utility u —7 <u +u, —r. Then we have n" satisfying
u—r=e ) (u—r+pru,).

Since the term in the brackets is smaller than that in (10) (i.e., u —r+p1u, <u—r+u,), the maximal
waiting time w] — 7" before the first threshold is smaller than . In other words, compared with
the optimal deterministic threshold policy, under a well-designed randomized policy, the maximal
waiting time may decrease due to the diminished value of waiting. Therefore, the randomized policy

can combat customers’ strategic waiting and hence increase profit.

7. Conclusions and Discussions
In this paper, we examine the optimal ad campaign push policy in the presence of Markov customer
dynamics. Each customer’s engagement state evolves according to a continuous-time Markov chain
and a customer will only make purchases when he is in the active state. The seller cannot observe
customers’ engagement states but can observe their purchase records. In order to maximize the long-
term average expected profit, the seller may push ad campaigns at a cost to activate customers, thus
encouraging future purchases. Initially, we focus on the unconstrained scenario and demonstrate
that the optimal policy is a triple-threshold policy based on the number of repeated ads and the
silence time, namely the amount of time elapsed since the last purchase or ad campaign. Then,
we investigate the comparative statics of the optimal thresholds. Through extensive numerical
experiments, we find that the optimal thresholds increase in the ad cost, the recapture rate, and
the activation probabilities, but decrease in the purchase reward and the purchase rate. Moreover,
as the churn rate increases, the optimal thresholds first decrease and then increase. The results are
further verified by theoretical results derived under the efficient-activation case where the activation
probabilities are set to one.

Subsequently, we study the case with a budget constraint on the overall ad cost over a finite hori-
zon. For such a problem, we provide an easy-to-implement algorithm, the BAT policy, which solves
a relaxed problem at the beginning and then implements a triple-threshold policy for each indi-

vidual customer. Additionally, we prove the optimality gap of the BAT policy to be O (\/log T/ T)

for the general problem and O (1 INT ) for the efficient-activation case, implying its asymptotic
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optimality as the time horizon T tends to infinity. Moreover, to test the robustness of our results
and to enrich the insights, we further incorporate strategic customer behaviors into the base model.
Encouragingly, our main results qualitatively hold in this case and some additional insights are
derived.

Lastly, we discuss some future research directions. First, the seller may access more data as the
information technology advances or fewer data as the privacy regulation tightens. In these cases,
the model may be modified to exploit the new information structure. For example, suppose the
seller observes customers’ history of visiting, which happens according to a Poisson process and
brings with a purchase with a certain probability p. In this case, replacing the reward r with pr,
we can directly use the results in this paper. The second interesting direction is to consider the
seller’s ability to cultivate customers. In this work, we assume the parameter set (A,y, 6,71, c, Py, Pa)
is exogenously given and will not change over time. Nevertheless, in practice, customers can be
cultivated and the parameter set may vary according to the seller’s policy. We believe that our

model in this paper has the potential to be extended to incorporate these features.
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Appendix for “When to Push Ads: Optimal Mobile Ad
Campaign Strategy under Markov Customer Dynamics”
Guokai Li, Pin Gao, Zizhuo Wang

Appendix A: Omitted Proofs in Main Text
In this section, we provide proofs omitted from the main text.
A.1. Proof Sketch of Theorem 1

In the following, we provide the proof sketch of Theorem 1. In the proof, we mainly study the discretized
problem and the property of the continuous-time problem is proved by taking the discretization granularity
to zero. First, following the definitions in Sections 2 and 3, a POMDP can be represented by a tuple
(X,Y,A,P,Q,R). According to Section 3 in Feinberg et al. (2016), we can transform a POMDP into an
equivalent belief-MDP, which is a fully observable MDP whose states are posterior state distributions, i.e.,
bieB={bel0,1]°] 21-5:1 b; = 1}. Moreover, based on the patterns of the system dynamics, we can further
simplify the state as by € B={b€[0,1]?|||bllo <1,b3 €{0,1}}. The resulting belief-MDP is represented by a
tuple (B, A, Py, Ry), and can be treated as a fully observable MDP with Borel state and action sets. Thus, we
can prove the optimality of stationary policies under the belief-MDP by checking assumptions in Feinberg
et al. (2012) that establish the optimality of stationary policies under long-term average objective.

Before proceeding, we first define some functions. First, given a discount factor g € (0,1), we define the
discounted revenue and the average revenue as follows:

Vp(b) := sup E

> B Ry(bY,al) | bo =bl
pell t=0

1
w(b) := sup liminf =IE
yEl_[B T T

T-1
Z Ry(bl,al) | by = bl ,
=0

where ITP denotes the set of all admissible policies for the belief-MDP, and bf and af are the random state
and action at period t under the policy u. Then, we define mg := supyep Vp(b), ug(b) := mg — Vg(b), and
C(b,a):=—Ry(b,a). According to Theorem 4 in Feinberg et al. (2012), in order to prove the optimality of
stationary policies under the average revenue objective, we only need to check Assumptions W* and B in

Feinberg et al. (2012). In the following, we first present an equivalent version of Assumption W*.

AssuMPTION 1 (Equivalent Version of Assumption W* in Feinberg et al. 2012).
(i) C(b,a) is K-inf-compact and bounded below on B X A. That is, for any finite co €R and any compact
subset K CB, the level set {(b,a) e KX A|C(b,a)<co} is compact.

(i) The state transition kernel Py(-|b,a) is weakly continuous in (b,a) € BXA. That is, for any sequence

{(br,ar) € BX A}i=0,1,2.. converging to (b,a) and any bounded continuous function g :B — R, we have
/g(b’)-?b(db’Ibk,ak)—>/g(b/)-¢’b(db’|b,a) as k — co.
B B

According to Lemma 2.5 in Feinberg et al. (2013), Assumption 1(i) is equivalent to Assumptions W*(i)-(ii).
Assumption 1(ii) is the same as Assumptions W*(iii). Thus, Assumption 1 is equivalent to Assumptions W*.

Second, we present an equivalent version of Assumption B in Feinberg et al. (2012).
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AssuMPTION 2 (Equivalent Version of Assumption B in Feinberg et al. 2012).

(1) w*:=suppep w(b) > —co.

(ii) supgejo,1) Up(b) < oo for all b eB.

Assumption 2(i) is the same as Assumption B(i). According to Lemma 5 in Feinberg et al. (2012), if C(-,-) is
lower bounded and Assumption B(i) holds, then Assumption 2(ii) is equivalent to Assumption B(ii). Thus,
given that Assumption 1(i) holds, Assumption 2 is equivalent to Assumption B.

To summarize, if Assumptions 1 and 2 hold, then the optimality of stationary policies is established for

the belief-MDP, which finishes the proof of Theorem 1. O

A.2. Proof of Theorem 1

As mentioned, the problem is formulated as a POMDP with the hidden state x; € X = {Ay,I,, A;, 14, P},
the observation y; € Y ={0,1} and the action a; € A ={0,1}. In the following, similar to Ely (2017), we
approximate the continuous-time problem by discretizing the time horizon into intervals of sufficiently small
length /1 < min {#ﬂ’)’ 4(Af—)a/+6) } Given the state x; and the action a4; at period ¢, the transition probabilities

P (x¢41 | xt,a) (with positive values) are as follows (the o(h) terms are omitted):

P (P|A,,0)=Ah P (I,|Ap,0)=yh

P (Ap|Ap,0)=1—(A+y)h P (Ay|1,,0) =0h

P (I,|1,,0)=1-06h P(P|A;,0)=Ah

P (In| Ag,0)=yh P (A Ag,0)=1=(A+)h

P (Aq|1,,0)=0h P (I,]1,,00=1-06h
P(P|P,0)=Ah P (I,|P,0)=yh

P (Ap|P,0)=1-(A+y)h

P (P|Ay,1)=Ah P (L, |Ap, 1) =yh

P (As|Ap, 1) =1=(A+y)h P (P|Iy,1) =ppAh

P (Aallp, 1) =pp (1= (A+p)h)+(1-p,)0h P (I |1,,1) =ppyh +(1—pp)(1 - 0Oh)
P (P| Az, 1)=Ah P (L] Ag, 1) =yh

P(Ag|Ag, 1) =1=(A+y)h P (P|ls,1)=padh

P (Aalla,1)=pa (1= (A+y)h) + (1= p,)Oh P (o] lo, 1) = payh+(1=pa)(1-0h)
P(P|P,1)=Ah P(I,|P,1)=yh

P(A|P,1)=1-(A+y)h.

The reward function is specified as R(x¢,a;) = 1{x; =P} -r —a; - c. Given the state x;, the observation
generating probabilities are specified by the observation kernel Q(y; | x;) =y - H{xy =P} + (1 —y;) - H{x; #
P}. Given the initial state xq = Ap, the observed history at period t is h; := (xo, Yo, a0, Y1,41,--.,Yt). An
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admissible policy can be represented as p = {ut}i=0,1,.. where y; : hy — [0,1]. The objective is to minimize

yoor

the long-term average expected profit over the set IT of all admissible policies:

ZR( “/ﬂ ) xo=A }

resp.) is the random state (action, resp.) at period ¢ under the policy p. As mentioned in

sup { lim inf ]E
LelT T—o0

u
t?

where xﬁl (a
Appendix A.1, the problem can be transformed into an equivalent belief-MDP with the state by as the
conditional distribution over X, and it can be further simplified into a compact state representation b; as
follows:

b= [P(xi=Ay | 1), P(xi=A, | Iy), P(x, =P | hy)] €B,

where B ={b €[0,1]?|||bllo <1,b3 €{0,1}}. In the following, we use this compact belief representation b as
the state. Given the state b and the action a of the last period and the observation y of the current period,
the belief state of the current period is specified by a function 7 (b, a, y). In particular, we have
[0y (1—-Ah—yh)+(1—-b1)0h O}
bi(1-Ah)+1-b T
ba(1-Ah—vyh)+(1-b2)0h
bo(1—=Ah)+1-by ’
(b1 + (L= b1)py) (L= Ak —yh) + (1= by)(1 — p,)Oh
(b1 +(1=b1)pp) A= AR)+(1=b1)(1~pp)
(b2 +(1=b2)pa) (1 = Ah = yh) + (1= ba)(1 ~ pa)Oh 0]
(bo+(1=b2)pa) A =AR)+(1=b2)(1=ps) |

7([61,0,0],0,0) =

T([O/ b2r 0]/ O/ 0) = O,

7([b1,0,0],1,0)=

7 4

T([O/ b2/ 0]/ ]‘/ 0) = 0/

1-Ah—-yh
7([0,0,1],0,0) = [W 0 0]
1-Ah—-yh
T([Or Or 1]/ 1/ O) - [0/ W! O]
T (b,a,1)=10,0,1] Vb, a.

Since h < m, we can deduce that 7 (b, a, y) is nondecreasing in b.

Then, we can specify the transition kernel Py (bs+1 | b, at) as follows:
Py(7(b,0,1)|b,0)= (b1 + by +b3)Ah
Pyr(7(b,0,0)|b,0)=1—(by+bs +b3)Ah
Py(T(b,1,1)|b,1) = (b1 + (1 —b1)pp + bz + (1 —b2)pa +bs) Ah
Pb(T(b, 1,0) | b, 1) =1- (bl + (1 - bl)PP + bg + (1 - bg)pa + bg) Ah.
The reward function is Ry(b,a) =bs-r—a-c. Let h? = {b[};zo denote the observed history up to period ¢. In
this case, an admissible policy u? is defined as a sequence u? = {,Ll?}tzo of stochastic kernels yf : hf — [0, 1],

and the objective becomes

T-1

V(b)= maX V#B(b) = sup hmlnf IE
uBerB

(b“ r—a" c)|b0— l}

t=0
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where be is the random belief state at period t under the policy yB. Among all admissible policies, there
exists a class of stationary policies with ySB :B—{0,1} and yf(hf) = ‘ug(bt). As mentioned in Appendix A.1,
we will prove the optimality of stationary policies by checking Assumptions 1 and 2.

We start with Assumption 1. First, we check Assumption 1(i). Since C(b,a) = -bs-r+a-ce[-r,c], we
can derive that C(b,a) is bounded. Given any compact subset K CB and any finite constant ¢y, we can
deduce that {(b,a) e KX A|Cy(b,a) <co}={(b,a)eBXA|-bs-r+a-c<co}N{(b,a)e KxA} is compact.
Thus, Assumption 1(i) is satisfied. Then, we check Assumption 1(ii). Since the sequence {(b,ax)}r=0 1,2, .
converges to (b,a) and A only has two items, we can fix ay =a when proving the convergence. Then, given

any continuous and bounded function g(-), we have

/g(b')Pb(db' |bi, ar) = (17 br +a(1l = by 1)pp + a(1 — bx 2)pa) Ahg ([0,0,1])
B
+(1- (1" +a(1- bi)pp +a(l—by2)pa) Ah) g (T (bk,a,0))
— (17b +a(1 - b1)py +a(1 —ba)p,) Ahg ([0,0,1])
+(1- ("o +a(1-b1)p, +a(l—bo)p,) Ah) g (T (b,a,0))
_ / 2(®")YPy(db’ b, ),
B
where the convergence is because g(-) and 7 (-, 4, y) are bounded continuous functions.

Second, for Assumption 2(i), we consider a stationary policy g® with fi8(b) =0 for any b (i.e., never use
ad campaigns), under which there is zero ad cost and hence w(b) > 0 for any b € B. Therefore, we have
w* >w([0,0,1]) > 0> —co, implying that Assumption 2(i) is satisfied.

Lastly, we need to check Assumption2(ii). We prove the following results for any g € [0,1). According to
Theorem 2 in Feinberg et al. (2012), when Assumption 1 is satisfied, there exists a stationary policy that is
optimal to the discounted problem vg(b). Then, we can write the Bellman equation as follows:

Vﬁ(b) = max {by’ + ‘B(bl + b2 + b3)/U1 . Vﬁ (T(b,O, 1)) + ‘B (1 — (bl + b2 + bg)Ah) . Vﬁ (T(b, 0, O)) ,
bsr—c +ﬁ (bl + (1 - bl)Pp +by + (1 - b2)pu + b3) Ah - V[g (T(b, 1, 1))
4B (1= (b1 + (1= b1)pp +ba + (1= bo)py + b3) AR) - Vi (T (b, 1,0)) .
If a tie happens, then we choose to make an ad push. We will prove that uﬁ(l;) =supyep Vp(b') = Vg(b) < 0

for all b €B in two steps.

Step 1: Structural Properties of Vj(b).

Define b* := [0, 0, 1]. Based on the value iteration, we will use the induction argument to prove the following
statement: Both Vj([b,0,0]) and V([0, b, 0]) increase in b, Vg([b,0,0]) > Vg([0,b,0]), and V(b) < V(b") for
any b € B. Then, we start the value iteration with Vﬁo(b) =0 for any b € B such that the statement holds
at the beginning. Suppose the statement holds in the k-th iteration. Then, for the (k + 1)-iteration, we can

prove the statement by the Bellman equation as follows (b < b2):
VE[b1,0,00) = max {Bb1 ARV (10,0, 11) + B(1L = b AV (T ([b1,0,01,0,0)),

= By + (1= b)p) ARV, 0, 1)+ B(1 = (by + (1= b1)p)AWVE (T ([b1,0,01,1,0))}
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< max {ﬁbz)w;([o, 0,1])+p(1 - bQAh)Vg (T([b2,0,0],0,0)),

— 4 Blba+ (1= ba)py) ARV (10,0, 11+ B(1 = (bs + (1 = bo)pp AWV (7 ([b,0,01,1,0) |
= Vﬁk+1([b2/ O/ O])

Similarly, we have Vﬁkﬂ([O, b1,0]) < Vé”l([O, b, 0]) for any by < by and Vé”l([b,0,0]) > Vé‘”([o, b,0]) for any
b. Furthermore, we have Vé‘*l(b*) =r+ Vé‘*l([l,O, 0]) > Vﬁk“(b) for all b e B\ b*. Due to the convergence of
the value iteration algorithm (see Proposition 9.17 in Bertsckas and Shreve 1996), we have Vg(b) = Vﬁ‘x’(b)

for all b €B and hence the statement is proved.

Step 2: Vj(b") - V(b) < oo for all b € B.
We fix b in the following. We first present some properties of the transition function 7 (-,-,-). For any
b e[0,1], we have

_ (b+(1=b)py) (1 =Ah=yh)+(1=b)(1-p,)6h Py
T([b,0,0],l,O)Q— (b-l-(l—b)pp) (1—Ah)+(1—b)(1—pp) Z(b+(1—b)pp) (1—/\h—yh)2?
B (b+ 1 =b)pa) A=Ah—yh)+(1=b)(1-pa)Oh Pa
7([0,b,0],1,0)2 = (0= bypa] (L AR+ (=B} —po) >(b+Q-b)ps) (L—Ah—yh)> 5

b(1—Ah—yh)+(1-b)0h
b(1-Ah)+1-b
where the subscript ‘2’ indicates the second entry. Therefore, there exist two positive constants ¢y : p -

and c2 := A+ y + 0 such that for any b € [0,1], we have 7([b,0,0],1,0)2 = c1, 7([0,b,0],1,0)2 = c1 and

b—70,b,0],0,0)2=b— <b—(b1-Ah—yh) +(1-b)Oh) < (A+y +0)h,

b-7(0,b,0],0,0)2 < coh. Then, we consider two systems A and B starting from b* and b, respectively.
System A uses the optimal policy. In contrast, system B uses a suboptimal policy: We push ads at periods
{k lQC hJ |k€Z+} (lQC hJ > 2 due to the choice of h) when t < 7 and use the optimal policy when ¢ > 7,
where T is the first purchase period of system B. Let bf and bf denote the belief state of system A and B,

respectively, at period t. Due to the design of the policy, for each time period ¢ € [1,7), we have bEQ > %1
Since the probability that a purchase happens at period t+1 is bB Ah > Cl/\h , the expectation of the stopping
time IE[7] is no greater than Ml +1< - /\h Then, we split the time horlzon into [0, 7) and [T, o) and derive

the following results:

;_.

T—

Vs(b*) - Vs(b) <E

B R i o)+ (16200

t=0
-1
<E Bt (Ahr+aP-c)+p° (Vﬁ(b;“) - Vﬁ(b*))l
t=0
E[7]
<E[t]Ahr + (I_C1/(262h)J 1) c
S4_r+(16£+1)c<00’
c1 ciA

where the first inequality is because system B uses a suboptimal policy, and the belief of system B is b
at the purchase period 7. The second inequality is because per period expected revenue of system A is no
greater than Ahr. The third inequality is because p <1 and Vi(b") > V(b) for any b € B. The last inequality
is because E[7] < /\h and |c1/(2c2h)] = c1/(4dcah). Therefore, Assumption 2(ii) is satisfied.
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To summarize, both Assumptions 1 and 2 hold. According to Feinberg et al. (2012), there exists a stationary
policy that is optimal for the discretized problem and V(b) = limg—1(1 - f)Vg(b). As h tends to 0, we can
deduce that there exists a stationary policy that is optimal to the belief-MDP. O

A.3. Proof of Theorem 2

In this proof, we still use the discretized POMDP in Appendix A.2 to analyze the structural properties of
the optimal stationary policy yg. We fix h to be a sufficiently small value. Let y?’ﬁ(-) denote the optimal
stationary policy for the discounted problem under the discount factor . According to Theorem 5 in Feinberg
et al. (2012), there exists a sequence of {#,};"; with lim, e« =1 such that [ug'ﬁ" (-) converges to yg(-) as
n tends to infinity. Therefore, we can focus on the structural property of the optimal stationary discounted

policy as f tends to 1. Define b, :=sup{b € [0, 1]| yg([b,0,0]) =1}, b, :=sup{b €]0,1] |y§([0,b,0]) =1} and

 b(1-Ah—yh)+(1-b)0h
f(b):= B(I-Ah)+1-b

Fact I: y?([l,o, 0]) =0 and hence b, < 1.

Given a discount factor 8, the Bellman equation for the discounted problem is

Vs([1,0,0]) = max {/mv,; ([0,0,1]) + B (1 = Ah) V5 (7([1,0,0],0,0)),
—c+ ARV, ([0,0,1]) + B (1 - Ak) Vs (7([1,0,0],1,0)) }

We can deduce that the revenue gain of pushing ads is —c + (1 —Ah) (V3([0, £(1),0]) - V([ £(1),0,0])) < 0.
Therefore, as § tends to 1, we have ‘ulg([l,O, 0]) =0 and hence by, < 1.

Fact II: There exists a constant b, such that ylg([O,b,O]) =0 when b > b, and yg([O,b,O]) =1 when
b<b,.

Similarly, given a discount factor §, the Bellman equation for the discounted problem is

Vp([0,b,0]) = max {‘Bb}LhVﬁ([O, 0,1]) +p(1-bAR)Vs(7([0,b,0],0,0)),

—c+ B (b+1—b)pa) ARVE([0,0,1])+ B (1= (b + (1 — b)pa) Ah) Vi (7°([0, b,0],1,0)) }
Consider bs <b; and ‘ug'ﬁ([o,bl,O]) =1. In this case, we can derive the following inequalities:

0< —c+p(by+(1—b1)pa) ARV([0,0,1]) + B (1 — (b1 + (1 = b1)pa) Ah) V5 (T ([0,b1,0],1,0))
— (Bb1ARV([0,0,1]) + B(1 = b1 AR)VE (T ([0, b1, 0], 0, 0)))
= —c+B(1—b1)parh (Vp([0,0,1]) = Vg (7([0,b1,0],0,0)))
+B (1= (b1 + (1= b1)pa) Ah) (V5 (T([0,b1,0],1,0)) = Vg (T([0, b1,0],0,0))) -

According to Astrom (1969), given the existence of an optimal stationary policy, Vp(b) is concave in b.

Therefore, we can derive the following inequalities:

Vi (T°([0,b1,0],1,0)) = Vg (7([0,b1,0],0,0)) =Vg ([0, £ (b1 + (1= b1)pa), 0]) = V5 ([0, £(b1),0])
<Vp ([0, f(b1+ (1 =b1)pa) + f(b2) = f(b1),0]) = Vi ([0, £ (b2),0])
<Vp ([0, f(b2 + (1= b2)pa), 0]) = V ([0, f (b2),0])
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=Vﬁ (T([O/ b, O]r L, O)) - Vﬁ (T([Or b, 0]/ 0, O)) ’

where the first inequality is because f(b2)— f(b1) <0 when h is sufficiently small and V([0,b,0]) is concave
in b, and the second inequality is because f(b1+(1—b1)pa)+ f(b2)— f(b1)— f(ba+ (1 —b2)ps) = (ba —b1)p, —
O(h) <0 when h is sufficiently small. Then, we have
- +ﬁ(1 - b2)pa/\h (Vﬂ([ol 0, 1]) - Vﬁ (T([O, b2/ 0]/ 0, 0)))
+B (1= (b2 + (1= b2)pa) AR) (V5 (T ([0, b2,0],1,0)) = V5 (T ([0, b2,01,0,0)))
=2c+ .B(l - bl)pﬂAh (Vﬁ([ol 0/ 1]) - Vﬁ (T([O/ bl/ 0]/ O/ 0)))
+ﬁ (1 - (bl + (1 - bl)pll) /\h) (Vﬁ (T([Or bl/ O]r 170)) - Vﬁ (T([Ol blro]/ 0/ 0)))
>0,
which implies that yg’ﬁ([(), by,0]) = 1. Thus, we can deduce that there exists bf € [0,1] such that

yS’ﬁ([O,b,O]) =0 when b > bf and ‘ug’ﬁ([o,b,O]) =1 when b < bf. As B tends to 1, we finish the proof of Fact
II.

Fact III: b, <bp +(1—bp)pp.
Define bf := sup {b € 10,111 u2([b,0,00) = 1}, bP = sup {b e 10,111 u2([0,b,00) = 1}, B = bl + (1 - bh)p,,

7 ~Pa bﬁ 1- . . . . .
and bf = %}’;ipp) First, given the state [0, 1,0], the revenue gain of pushing ads is —c¢ < 0. Thus, there

exist constants ¢4 € (0,1) and c5 > 0 such that bs <c¢4 and (%Vﬁ([O,b,O]) lp=b,> c5 for any B. For ease of
exposition, we temporarily ignore the superscript f3.

Due to the definition of by, we have
BbyAhV;([0,0,1]) + B(1 — by Ah)Vg (T ([by, 0,0],0,0))
=—c+p(by + (1 =bp)pp)AhV([0,0,1]) + B(1 = (by + (1 = bp)pp)AR)V(T ([by,0,0],1,0)). (A1)

Suppose b, > b,. Since b, < by <b,, according to Fact II, we have yg([O, b,,0]) = 1. Since yg([bp,O, oph=1
and by +(1-by)pa = by +(1=bp)pp, we have

V([0,b4,01) = —¢ + B(ba + (1 = ba)pa) AR VE([0,0,1]) + B(1 = (Ba + (1 = ba)pa) A V(T ([0, b4, 0], 1, 0)) = Vi([bp, 0, 0]).
Similar to the proof for Fact II, we have
Vs (T ([0, ba,0],1,0)) = Vg (7([0, b4, 0],0,0))
<V ([0, f(ba + (L= b)pa) + f(Ba) = £ (6, 0]) = Vi [0, £ B, 0]
=V (T([O, Ba, 0], 1,0)) — v (‘T([O, Be,0],0, 0))
4V ([0, F(ba+ (L= ba)pa) + F(Ba) = f(b2),0]) = Vi ([0, B0 + (1= Ba)pa, 0] )

=V (7"([0, Ba, 01,1, 0)) ~V (fr([o, Ba,01,0, 0)) — (ba—Ba)es + O(h). (A.2)

Then, given the belief state [0,ba, 0], the revenue gain of pushing ads is

—c+B(1—=ba)padh (Vp([0,0,1]) = V(T ([0, ba, 0], 0,0)))
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+B(L = (ba + (1= ba)pa)Ah) (Vp(T ([0, ba, 0], 1,0)) = V(7 ([0, ba, 0], 0, 0)))

=Bb, A V;([0,0,1]) + B(1 = by Ah)V; (T ([by, 0,0],0,0)) — B(by + (1 = b,)pp)ALVE([0,0,1])

—B(1—=(by + (1 =b,)pp)AR)V(T ([by,0,0],1,0)) + B(1 = ba)parh (V5([0,0,1]) = V(T ([0, ba, 0],0,0)))
+B(1 = (ba + (1= ba)pa)Ah) (VE(T ([0, b4, 0],1,0)) = V(7T ([0, ba, 0],0,0)))

=BV (7 ([by,0,01,0,0)) — BV (T ([by,0,0],1,0)) + B (Va(T ([0, ba, 0],1,0)) = V(T ([0, ba, 0],0,0))) + O(h)

<pVy ([o, Eu,O]) —BVj (7'([0, Ba, 01,1, 0)) + B (Va(7 ([0, b, 0],1,0)) = Vo(T ([0, b, 0,0,0))) + O(h)

<~ B(Bs —bBa)es + O(h) <0,

which raises a contradiction with ps([0,b,,0]) = 1. Here, the first equality is due to (A.1); the second equality
is because Vg(-) is bounded; the first inequality is because Vg (7°([by,0,0],0,0)) < Vi ([b,,0,0]) = Vg ([0, b, O])
and 77([0,5,4,0],1,0) = 7 ([by,0,0],1,0); the second inequality is due to (A.2); the last inequality is because

h is sufficiently small. Therefore, as f tends to 1 and h tends to 0, we have b, <by + (1 —bp)p,.

Lastly, we provide a rigorous mapping from the optimal stationary policy to a triple-threshold policy (see

Figure 3 for an illustration).

1.

First, the customer enters the system with the state bo =[1,0,0]. According to Fact I, we have b, <1
and hence the optimal policy will not push ads at time 0. Given no purchases, the belief b;,; gradually
decreases and no ads are pushed until the belief state becomes [b,,0,0], which implies a positive
threshold wg. Note that the optimal actions for states [b,0,0] with b <b, do not affect this mapping

because the system never attains these states.

At time wo, the optimal policy makes an ad push and the state becomes [0, b, +(1—bp)pp,0]. According
to Facts II and III, we can derive that sup{b € [0,b, + (1 = by)py] | yg([O,b,O]) =1} =b, and b, <
by + (1 = bp)pp. Thus, the optimal policy does not make another ad push at time wg. Then, given
no purchases, the belief b; o decreases and no ads are pushed until the state becomes [0, b,, 0], which
implies a positive threshold w;.

At time wg + w1, the optimal policy makes an ad push and the state becomes [0,b, + (1 — b,)p,, 0].
According to Facts II and III, we have sup{b € [0,b, + (1 — b,s)p.] | pg([O,b,O])} =Db,. Then, given no
purchases, the belief b; o decreases and no ads are pushed until the state becomes [0,b,,0], which

implies a positive threshold ws. Note that w1 and w2 can be different if by, + (1 —b,)pp # by + (1= b,)pa.

. At time wg + w1 + ws, the optimal policy makes an ad push and the state becomes [0,b, +(1—b,)pa, 0]

Similarly, given no purchases, the belief b; 2 decreases and no ads are pushed until the state becomes
[0,b,,0]. In this case, the resulting threshold is the same as ws because the starting belief is the same
as that for wy. After that, the dynamics are similar and hence we have the same threshold ws for the

following process until a purchase happens.

If a purchase happens, we can collect a reward r. Then, the belief state becomes [1,0,0] which is the

same as the initial state, and the discussion is the same as the above. m|
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A.4. Proof of Proposition 1

If pp = pa, then we can deduce that the states [b,0,0] and [0, b, 0] are equivalent, and hence b, =bj. According
to the mapping in Appendix A.3, the threshold wf is induced by the belief evolvement from [1,0,0] to
[0,D},0], the threshold w] is induced by the belief evolvement from [0,b}, + (1 —b},)py, 0] to [0,b7,0], and
the threshold @ is induced by the belief evolvement from [0, b} + (1 —bj;)p,, 0] to [0,b},0]. Since b; +(1-
by)pp <1, by = b}, and [b,0,0] is equivalent to [0,b,0] for any b €[0,1], we can deduce that wj > w].
Since by, + (1 = by)pp =b; + (1 —bi)pa, we have @] = wj. Therefore, we have wj > w] = wj. Furthermore, if

Pp =pa =1, then we can deduce that b}, +(1—b,)pp =1 and hence wj = @] = wj. O

A.5. Computation Details of Equation (2)

To simplify the formulas, we define ¢ = \/(/\ +y+46)2-4A0, and sinh(-) and cosh(-) are the hyperbolic sine
and cosine functions, respectively.

Before we start the computation, we first compute the cumulative distribution function pa(-) of the first
purchase time of an initially active customer. We consider an auxiliary continuous-time Markov chain {z;, >

0} with three states: Active (A), Inactive (I) and Purchase (P). The transition graph is illustrated in Figure 11.

The corresponding transition rate matrix of Figure 11 is as follows:

_ y—0— 210 y— —0— -1
—(A+7/) y A _A+y299+g _/\+)296 c 1 070 ;)/\6 0 _/'\+)266+g _/\+7296 c 1
G= 0 -0 0| = 1 1 1] 0 TS50 0f- 1 1 1
0 00 0 0 1 0 0 0 0 0 1

We define 74 as a stopping time 74 = min{f € Ry | z; = P;zg = A}, which is the first purchase time of an
initially active customer. Similarly, we can define the stopping time for an initially inactive customer (a
customer with active probability b, resp.) as 77 (7, resp.). We can easily couple the auxiliary system with the
initial system before time T4 or 7;. Then, we consider the policy that never pushes ads and compute some
useful functions:

1. Starting from an active state, the c.d.f of the first purchase time is pa(t) =P(Np(t) > 1|so = A). Since

P is the only absorbing state in the auxiliary system, we have P(t4 <t) =P(z; =P |zg = A) and hence

the cumulative density function of T4 can be computed as
pat)=P(ta<t|zo=A)=P(z; =P|z9=A)

+0-A
=Expm(tG)1,3-1(t >0) = (1 — o3 (r+A+0) (cosh (%t) + yT sinh (%t))) -1(t>0),

where Expm(tG); ; is the (7, j) item of the matrix exponential of tG (see Norris 1998). Similarly, we have

a similar c.d.f. for the first purchase time of an initially inactive customer, p;(t) = P(N,(t) > 1[so =1).
pi(t) =P(tr <t|so=1)=P(z; =P |z9 =1) = Expm(tG)2,3- 1(t 2 0)
A+y+0
= (1 — ez (rA+0) (cosh (g_t) + 27T Gn (g_t))) -1(t > 0).
2 c 2
Similarly, starting from an active probability b, the c.d.f. of the first purchase time is

ps(b,t) = P(zo = A)P(z; = P| 20 = A) + P(zo = DP(z; = P | 29 = I) = bpa(t) + (1 - )p(1).
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2. Furthermore, starting from an active probability b, given that T <t, the conditional expectation of the

first purchase time 7 is

1 t
E,t)=E <t,bp=b]l=—— dpg(b, x).
=Bl lestby=bl= s [ xdps(t,)

3. Given no ads, the probability that an initially active customer makes no purchase and is active after ¢

time units is

cosh (%) - V+/g\_6 sinh (%)

A+y+0
e 2

xa(t)=P(s; =A,Np(t)=0]sog=A)=P(z; =A|zo = A) = Expm(tG)1,1 =

t

Similarly, the corresponding probability of an initially inactive customer is
20 _rvp0, ct
xi(t) =P(s¢ =A,Np(t)=0|50=1)=IP(Xt=A|X0=I)=EXpm(tG)2/1 = ?e 2 "sinh 5

4. Given no ads and no purchases, the probability that a customer (starting with the active probability

b) is active after ¢ time units is

P(s; =A,bg=b,Ny(t)=0)
Pbo =0, N, (1) =0)
P(st =A,Ny(t)=0]so=A)P(so=A|bo=b)+P(st =A,N,(t) =0|so =I)IP(so =I| bo = b)
B P(N,(t)=0]so=A)P(so=A|bg=b)+P(Np(t)=0]so=I)P(so=1|bo=b)
_ bxa®)+(1-b)-xi(t)
T b(1=pa(t) +(1=b)(1—pi(t)’

Then, we can compute the expected cycle profit and cycle length.

T(b,t)=P(s; = A|bo=b,N,(t) = 0) =

En(@)] = pa(@o)-r+ (1= pa(@o))- pp (bp +(1=bp)pp, w1)-(r=0)
+ 3 (1= pa@o))- (1 - (b,, +(1=bp)pp, a)l)) (1= pp (ba +(1 =ba)pa, w2)) "2 - pp (ba + (1 = ba)pa, wa) - (r — ic)
i=2

(1=pa(@o)) (1= (Bp + (1 =bp)pp)pa(@1) = (L=bp)(L - pp)pi(@1)
(ba +(1 —ba)Pa)PA(w2) +(1-by)(1 —Pu)Pl(“’2)
E[x(@)] = pa(w0) - Elt | 7 <wol+ (1= pa(@0))-pp (bp + (1=bp)pp, 1) -Elr| 7€ [wo, w0 +@1)]

=r=(1-pa(wo))e -

c

+ i(l - pa@o))- (1=pp (v +(1=bp)pp, ©1))- (L=ps (ba + (1 =ba)pa, 02))>
- xpp (ba + (1 =ba)pa, w2) - E[t| 7€ [wp + w1 + (i - 2wz, wo + w1 + (i — Dwa)]
=pAw0)-E(1,00)+ (1 = pa@o)- pi (bp + (1 ~bp)pp, @1) - (wo +E (bp + (1= p)pp, 1))
+i(l—pf«wo)»(l—pg(bp+<1—bp>;ap,wl))~(1—pg(ba+<1—bu>pa,wz))"’2
- X pp (ba +(1=ba)pa, w2) - (w0 + w1 + (i — 2)w2 +E (bg + (1 = ba)pa, w2))
= pa(@0)-E(L,@0) + (1~ pa(w0)wo +(1 = pa(@0)) ((bp + (1 = bp)pplpa(@r) + (1 =bp)(L = pp)pi(@1)) Elby +(1=bp)pp, 1)

+(1-pa(wo)) (1 = (bp + (1 =bp)pp)pa(@w1) — (1 =bp)(1 —Pp)(?z(wl)) (w1 +E(ba + (1 =ba)pa, w2))

1—(ba +(1=ba)pa)palwz)— (1 =ba)(1 - pa)pr(w2)
(ba +(1=ba)pa)palw2) + (1 =ba)(1 - pa)pr(w2)

+(1-palwo)) (1 = (bp + (L =bp)pp)palwr)— (1 -bp)(1 —Pp)(?z(wl)) .

Then, the long-term average expected profit is W(w) = E [n(w)] /E [x(w)]. Moreover, we have the rela-

tionship between w and (by, b,) as follows:

I'(1,wo) =0y [(by +(1=by)pp, w1) =D, T(ba+ (1 —=ba)pa, w2) =g,
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which implies that
wo:llog((bp+1)y+(1—bp)(/\—6+g)
¢ P\ + D)y =(=bp)O-A+0)
1 ba(A+y+0—¢c)+ by +(1=bp)pp)(A =2b,A+y +0+¢)—-20
Elo ( )
1

O OB b+ 7+ 0+ )+ (by + (1 —bp)p,)(A —2b,A +y +0 — ) — 26
B biA+y+0—-¢)+ba+(1—=by)pa)(A=2b,A+y+60+¢)—20
wz_g o8 ba(A+y+0+¢)+ by +(1=by)pa)(A—2b,A+y +0—¢)—20

Then, we can plug the above expressions into W(w), solve the problem to get the optimal belief thresholds
(b3, b7), and then derive the corresponding optimal thresholds w*. O
A.6. Proof of Lemma 1
Any policy u feasible to (5) is also a feasible policy to (6). Therefore, we have V(T) > V(T). O
A.7. Proof of Proposition 3

For any Lagrangian multiplier £ > 0, we have an upper bound of V.

M M
H H
Vo < V& —;rellglz thi)lorifT]E ]_El (r]N (T)—¢jN, (T)) +0 B_hITn—?ip T]E ]_E -Na,].(T)
M 1
— i ATH _ ATH
= max ;:1 {thngf ~E [(r]Np’].(T) 1+ €)c,Na,j(T))] } + B.

The problem VY can be decomposed into solving the optimal policy for each customer j with the parameter
set ((1 +0)cj,rj,Aj, i, 0 ) According to Theorem 2, the optimal policy for each customer is a triple-threshold
policy. Given the multiplier ¢, let w;(f) denote the optimal thresholds of customer j, and u(f) denote the
wj(l)

decentralized triple-threshold policy that implements the triple-threshold policy ¢ to each customer j.

In addition, the average expected cost under such a decentralized triple-threshold policy is
E|ri(wi(?
C(f)—hmsup ]E Z ]Ny(e)(T) Z [ j (i€ ))]

T S E [ (w;0)]

Let Ri@ denote the long-term average expected profit under the policy p(f)). Then, we consider two cases
and prove the optimality of the decentralized triple-threshold policy.
1. C(0) > B. Since {li_)IEOC(l’) =0, there exists a finite and positive constant £* such that C(£*) = B. Then,
the policy u(¢*) is feasible and we can derive the following equality.

M

p(e) o N _ 0. AT "
RE < Ve <VE = mae h]{Ii)lg.}fT]E ]Z:(r N! (T)=(1+0)c NM.(T)) + OB

—RU ey +eB=RYY,
which implies that Ri}m = Ve, and hence the decentralized triple-threshold policy p(€*) is optimal.
Moreover, we also refer to £* as the optimal Lagrangian multiplier.
2. C(0) < B. In this case, we can deduce that p(0) is an admissible policy satisfying the constraint in (7).
Then, similarly, we can deduce that Rffy*) = Vo with £* =0, and hence the decentralized triple-threshold

policy u(0) is optimal.
Therefore, there always exists an optimal policy to (7) that is a decentralized triple-threshold policy. O
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A.8. Proof of Lemma 2
Similar to the proof in Appendix A.7, we also consider two cases.
1. When Z]»Ail qj(a);.‘) < B, we have C(0) < B and hence w;‘ = w;(0) are the optimal thresholds for customer
j-
2. When Z]Aﬁl qj(w;‘) > B, we have C(0) > B and hence there exists a constant £* such that C(¢)=B and
w;(£*) are the optimal thresholds for customer j. O
A.9. Proof of Theorem 3

In this proof, we use superscripts (e.g., A) to denote the policy used. First, according to Lemma 1, we
have V(T) < V(T), and hence the inequality holds. Then, we can decompose the optimality gap into two
components as follows:
V(T) - VAT) < V(T) - VAT) = V(T) = Voo + Voo = VA(T).
[ S
Ay Ao
Step 1. Bound V(T) - V..

Similar to the Lagrangian relaxation in Appendix A.7, we have

M M

¥ Ty N CUNHe () L e N ngHes
V(T)= Voo = V(T) = max {liminf 7E ]E_l (r, NE=(8) = ;NI (t)) +€|B-liminf 1 ]E_l N0
1 |4 1 |
= .. HT A HT * _ - CNTHT
< max 1 7 E ;1 (r] N4 (T) —¢; Nﬂ/].(T)) +¢|B-ZE ;1 ¢NE(T)

Poo€lle | t—eo ¢

M M
| NS RN . | NS
— max 1 liminf —E El (r] 'Np,j (t)—cj -Nu,]. (t)) +{0|B- htrgloglf ;IE El C]Na/]. (t)
j= j=

=

= — C . HT _ * .. ur
_Hr;leaﬁir E P (1’] NP:]'(T) (1+6)c; Na’],(T))
M
li 'fllE SNt 14+ 0)c: - N* (¢ A3
_ug?r)[(w e ; 1 p,j()_( +0)cj - ,1,]-() , (A.3)

where £* >0 denotes the optimal Lagrangian multiplier for the problem Vi, in Appendix A.7, and is a finite
constant. Since the resource constraint is relaxed in (A.3), we can focus on each customer independently.
Consider a representative customer with the parameter set ((1+€*)cj,7j,Aj, 7,0}, Pp,jsPa,j)- To simplify the
notation, we temporarily omit the subscript j’.

We recall some results in Appendix A.2. For the discretized problem with a sufficiently small & and any
discount factor B € (0,1), we can bound Vg(b1) — Vg(b2) < V([0,0,1]) — Vg(bz) < ?—: + (166%—‘;\2 + 1) ¢ for any
bi,bo €B. As h — 0 and p — 1, we can deduce that the total profit difference between two systems with
different initial belief states b; and b is upper bounded by a constant C, which is independent of T. Since
an ad campaign just changes the belief state from b to l;,, the additional profit brought by an ad campaign is

upper bounded by C. Similarly, if we consider an additional “efficient-activation” action that can change the
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belief state to [1,0,0] with certainty, its contribution to the total profit is also upper bounded by C. Then,
consider an alternative POMDP, which is the same as the base model except for an additional “efficient-
activation” action with a cost 2C. Specifically, the action set becomes A’ = {0, 1,2} with action 2 representing
the efficient-activation action, and the reward function becomes R(x,a)=1{x=P}-r—T1{a=1}-c-1{a =
2}- 2C. Since the cost of the efficient-activation action is greater than its maximal contribution to total profit,
the policy for the initial POMDP is still optimal for the auxiliary POMDP, and hence their objective values
are the same. The above statements can be similarly generalized to the finite-horizon case.

Then, we focus on the auxiliary POMDP. Let u7 denote the optimal policy for the finite horizon problem.
Then, to bridge the finite-horizon problem with the infinite-horizon problem, we construct a feasible policy
for the infinite-horizon problem (see Figure 6 for an illustration): For each k € Z,, the policy g implements
the policy u7. during the interval ((k —1)T,kT) and takes the efficient-activation action at time kT. The

long-term average expected profit of such a policy is

2C

ool ur * vy 1 It 5 Iz
htn_lglfg]E[r-NpT(t)—(1+€)c-NuT(t)]—T]E[r-NpT(T)—(1+€)c-NgT(T)]—T.

Subsequently, we can derive the following bound

max {%]E [r- NET(T) = (14 £)c - N2 (T)] } - max {litn_1)i£f %IE [r - NES(H) = (1 + £)c- Ng‘w(t)]}

yTEHT 00
_]. w * u . 1 Heo * Heo
==E[r-N)"(T) = (1+6)c-NL"(T)] - max {htrgglf?]E [r- NE=(£) = (1+€)c - N} (t)]}

1 1 R R
<7E [r- NJ(T) = (1 + £)c - Ny(T)] - lim inf [r NJT(£) = (1 +£)c- NS (t)]
2C 1
=—=0(z).
T (T)
Similar to the above argument, for each customer j, we can derive an upper bound C j for the total revenue

contribution of any action. Then, we derive the following result
_ _ ¥ og
Ar=T(T) =V < z; —+ =0(/T).
]:

Step 2. Bound V,, — VA(T).

According to Proposition 3, there exists an optimal policy for (7) that is a decentralized triple-threshold
policy. Let w}f denote the optimal thresholds of customer j. Thus, we have Vi, = Zj]\/zll E [T(]'(a);)] /IE [K](w’;)]

In the following, we study the profit under the BAT policy, i.e., V/(T). First, we focus on customer j. If
4 j(a);) =0, then the policy never implements ad campaigns, resulting in zero optimality gap. Thus, we focus
on case when nj(a);) > 0. For ease of exposition, we temporarily omit the subscript ‘j” and the superscript
W

We consider a sequence of cycles with their random cycle profits Xi’s and random cycle length Yj’s.
According to the computation in Appendix A.5, we define p1 = p(wo), p2 = (by + (1 = by)pp)pa(wr) + (1 -
by)(1 = pp)pr(w1) and p3 = (by + (1 = ba)pa)pa(wz) + (1 = by)(1 = pa)pr(w2). First, we provide concentration
bounds for these random variables (see Appendix EC.4 for details). We can prove that X (Y, resp.) is a
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sub-exponential variable (see Papaspiliopoulos 2020) with a constant Kx (Ky, resp.). Then, we focus on the

first n cycles, where

| T _ 4K2TlogT \/ 16K2Tlog T
n'_{E[K(w)]_eJ' TN ER @D\ E[e@)]) (- Eln(@)])?

Using the Chernoff bound, we can prove that the probability that either one of the following conditions
happens is no greater than 1/T:
1. The total cycle length of the first n cycles is greater than T.

2. The total profit of the first n cycles is less than nr —gT.
Then, we define the good event as the case when the above two events do not happen, and the probability
of the good event is no less than 1 — % Under the good event, we have

1. The system does not terminate before the end of the n-th cycle, i.e., 2p_; Y <T.
2. The budget is not exhausted at the end of the n-th cycle, i.e., nr =} _; Yi <qT.

3. The total reward during the first n cycles is nr.
Furthermore, the total ad cost is no greater than qT due to the allocated budget. Therefore, for the single-

customer case, we can provide an upper bound for Vo, — VA(T) as follows:

2 ]E[T((w)] E[n(w)] nr—-qT
Voo VA < Ty (1-7) (E[K(w)] T )
- 2 E[n(w)] (]E[n(a))] o, (e+1)yr r— ]E[n(a))])
" TE[x(w)] \E[x(w)] E[x(w)] T E[x(w)]
_2E[n(w)]  (e+1)r _ logT | _ logT
_T]E[K(w)]Jr T =0(1/T)+ 0 |4/ T =0 T ),

where the first inequality is because the probability of the good event is no less than 1 — %, the second

inequality is because n > % —1and g= ]Er[ 7(7(“))])] For the multiple-customer case, we just take the

summation of all M customers’ optimality gaps, resulting in an O(logT/VT) total optimality gap.

7+45)

Moreover, we can provide a better bound for the efficient-activation case, where an ad campaign can

To summarize, for the general case, we have

V(T)-VAT) <A1 +A, <O(1/T)+ O

activate customers with certainty, i.e., pp =p, = 1. In this case, the triple-threshold policy degenerates to a
single-threshold policy and we use w; to denote the optimal threshold for customer j. The analysis of Ay
is the same as Step 1 and we can provide an upper bound O(1/T), while the analysis of Ag is different.

Specifically, we further decompose Ay as follows:
Ao = Voo = VA(T) = (Voo - RﬂB(T)) + (R“‘B (T) - Vﬂ(T)) )

where Ap is the policy that implements the decentralized threshold policy in A ignoring the budget con-
straint, and R78(T) is the average expected profit under such a policy. In the following, we provide upper

bounds for the above two terms.
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First, we study the first term, Vo — R™8(T). Since both policies treat customers separately, we can focus
on a representative customer and omit the subscript ’j’. Note that each ad campaign can certainly activate
inactive customers in this case. Similar to Step 1, to bridge the finite-horizon problem and the infinite-horizon
problem, we consider an infinite-horizon policy Ay’: For each k € Z,, the policy Ay implements the policy
Ap during the interval ((k—1)T, kT) and delivers an ad campaign at time kT. The long-term average profit

of such a policy is
1 o 0 1
liminf +E [r NS () 4N (t)] = —E [r NTB () +c- N;f“ﬂ(t)] - % (A4)

Then, we compare the constructed policy Ay and the optimal threshold policy for Veo, referred to as U
Given the time horizon ¢, we consider two systems. The policies implemented in systems A and B are uj,
and Ay, respectively. As mentioned in Appendix EC.3.1, we can redefine each interval between two adjacent
events (purchases or ads) as a cycle and these cycles have i.i.d. cycle profits and cycle lengths. We couple
the two systems as follows:
1. Initialize system A with an array 7. After each purchase or ad campaign, we sample the first purchase
time T ~ pa(-) and add 7f to J. If 74 < w", then a purchase happens; if 7 > w”, an ad campaign is

delivered.

2. Then, we run system B. After each purchase or ad campaign, we pop the purchase time with the lowest
index in 7. If the set J is empty, then we sample a purchase time according to the distribution p4(-).
Similarly, if an ad campaign is delivered before the purchase time, then an ad cost is incurred; otherwise,
a purchase happens.

By this coupling argument, system B replicates most cycles in system A except for cycles corresponding
to ad campaigns at time points {kT,k=1,2,...,[t/T]} and the newly-generated cycles because I becomes
empty. First, an early ad campaign may transform a purchase cycle into an ad campaign cycle, resulting
in a (r + ¢) difference and a reduction in the cycle length by at most w*. Second, since the remaining time
when 7 is found empty is at most |£/T |- w*, the total profit of the newly-generated cycles is no less than
—|t/T]-c. In this case, we can bound the profit difference as

r+2c
T

%]E [ NE= (6 4 e NI (1) - %]E 7N 1)+ e N ()] < % (EJ (r+o)+ EJ -c) I (A

Therefore, combining (A.4) and (A.5), we can deduce that

VM—RﬂB(T)sZ(%+%2C")=O(%).

]

Then, we study the second term, R (T) — VA(T). Since both policies treat customers separately, we can
focus on a representative customer and omit the subscript ’j’. These two policies are the same until the
allocated budget is exhausted (or the remaining budget is less than ¢). We define each interval between two
adjacent ad campaigns as an “ad cycle”. Let v¢ denote the random length of the k-th ad cycle. Similar to
the cycles for the efficient-activation case, ad cycles also have i.i.d. cycle profits and cycle lengths, and we

can derive that
¢ _Ely@)] _
ED] - Elx@)] 7"
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LqT/c]

where v shares the same distribution with vg’s. Then, we can define Ty = Py

v, and derive the time

7:=min{T, T4} when the allocated budget is exhausted. Moreover, we can deduce that

qTJ E[v|<T, Var(Ty)= VTJ Var(v) = O(T).

E[Ta] = {T -

Since the system dynamics can be easily coupled before time T4, we can bound the term R78(T) - VA(T)

for the representative customer by the profit difference during the period [T4, T]:
— ~ T —E[T4])2+ Var(Ta) + (T - E[T, ~
max{T — Ty, 0} xc] S\/( [Ta])? + Var(Ta) +( [Tal) &

*

2T w*
2c/q++Var(Tp)
< xC
2T w*
=0(1/VT),

R (T)-VANT) < %]E [

where the first inequality is because an ad campaign can only be delivered after w* times units and an ad
campaign brings at most C profit, the second inequality is due to Proposition 1 in Gallego (1992), and the
last inequality is because Va2 +b2 < |a|+b| and T —E[Ta] < E[v] = c/q. For the multi-customer case, we just
need to take the summation of the optimality gaps of M customers, and hence we have R78(T) — VA(T) <
O(1/NT).

Therefore, we can derive that

o= 1= ) - v 20 (1) o ) -0 ).

which implies that V(T)-VA(T)< O (1 JNT ) for the efficient-activation case. O
A.10. Proof of Proposition 4

The proof is similar to Step 2 in Appendix A.9, except that the distributions of cycle profits and cycle lengths
are different. Similar to Appendix EC.4, we can still prove the sub-exponential properties, then we can use
Chernoff bounds for the sub-exponential variables to derive the high-probability event. Then, we use the

same methodology to derive the O(y/logT/T) regret bound for the general and the O(4/1/T) regret bound

for the efficient-activation case. a
Appendix B: Extension: Negative Effect of Ad Campaigns

In the base model, we assume that customers in the active state are not affected by ad campaigns. However,
as mentioned in Footnote 2, given an ad campaign, an active customer may become inactive with some
deactivation probability. In this section, we extend the base model to incorporate this negative effect. In
particular, the deactivation probability is g, (g4, resp.) if the last event is a purchase (an ad, resp.). We set
dp < qa to capture the negative effect of too many ad campaigns. Moreover, we assume that p; +q, <1 and
Pa+qa <1 such that both b(1-q,)+(1-b)p, and b(1—q,)+ (1 -Db)p, increase in b.

In this case, we only need to replace the activated beliefs b + (1 —b)p, and b+ (1 —b)p, with b(1-q,)+
(1-b)pp and b(1—g,)+(1—=b)pa, respectively. Specifically, we update the functions 7 (b, a,y) as follows:
bi(1-Ah—yh)+(1-b1)0h bo(1-Ah—yh)+(1-b2)0h

T b1, 0,0L0,0) = |\ == i i-h by(1—AR)+1-by

/O/O 7 T([Ol b2/0]lol O) = 0/

,0
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(b1(1=qq)+ (1 =b1)py) A=Ak = yh) + ((1=b1)(1 = p,) +b1q,) Oh 0
(b1(1=gp) + (1 =b1)pp) 1= AR) + (1 =b1)(1—pp) +b1gq)
bo(1—qa) + (1 =bo)ps) (1= Ak —yh) + (1 = b2)(1 — pa) + baga) O }
(b2(1=qa) + (1 =b2)pa) 1= AR)+ (1 =b2)(A—pa) +b2gqa) |’
1-Ah—-vyh
1-Ah
7(b,a,1)=[0,0,1] Vb, a.

7

7([61,0,0],1,0) = lO,

7([0,b2,0],1,0) = [0, (

7([0,0,1],0,0)= [

1-Ah—-vyh
/O/O] 7 7'([0[0[ 1]/ 110): |:O/ —y/O:|

1-Ah

The Bellman equation for the discounted problem is updated as follows:
Vlg(b) =1max {bg?’ + ﬁ(bl +bo + bg))\h . Vﬁ (T(b,O, 1)) +‘B (1 - (bl +bo+ bg)/\h) : Vﬁ (T(b,O, 0)) ,
byr—c+pB (b1(1—qp) + (1 =b1)py +ba(1 = qa) + (1 = b2)pa + bs) Al - Vs (T (b,1,1))

+B (1= (b1(1 = g,) + (1= by)p, +ba(1 — ga) + (1 — bo)pa +bs) Ah) - Vs (T(b, 1,0)) }

Then, given that p, +g, <1 and p, +4, <1, we can prove the optimality of triple-threshold policies using

proofs similar to Theorems 1 and 2. O
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Figure 11 State transition illustration of auxiliary Markov chain
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E-Companion of “When to Push Ads: Optimal Mobile Ad
Campaign Strategy under Markov Customer Dynamics”

EC.1 Proof of Proposition 2
For ease of exposition, we omit the superscript ‘E’ in the following. We also use ¢(g) = h to denote

that ¢ and h have the same sign. We first prove that there exists a finite optimal threshold if and

e C _ A=y=0+¢
only if & <a:= =G+0) -

a\g((uw)' By eliminating some positive

To analyze the property of W(w), we compute the gradient

items, we get the following formula:

dw
— et (@ (c(y +6)+yr)cosh (%) —(c(y +0)(y + A= 0) +yr(y + A +0))sinh (%)) —yle+re.

L(w)=o [Q‘I’(w)]

Furthermore, we compute the gradient of [1(w) as follows:

lo(w) = ¢ [az(;gu)] =S 2ya (EC.1)

r (y+0)((y—A+0)+ccoth (%))’
which decreases in w. Having these derivatives, we study different cases.
Case 1: ¢ <a.

A=y—0+¢
2(y+0)

0 and hence 1 (w) first decreases and then increases in w. After that, we further analyze the function

In this case, since I(0) =c/r >0 and lim lh(w)= - <0, there exists @ such that Io(®) =
w—>0

li(w). When w tends to infinity, we have lim (ll(a)) X e%(C_A_Y_Q)“’) =(y+0)(c—-A-y+0)c—
w—00

y(A+y+0—-c)r <0. Then, we have lim /;(w) <0 and [1(0) = cO¢ > 0. There exists a point @*

w—>00
(9\P(w) B\P(w)

such that >0 when w < w* and <0 when @ > w*. Therefore, W(w) first increases and

then decreases in @ and there exists a unique maximizer w”.
Case 2: ;> qa.
In this case, since lo(w) decreases in w, we have lo(w) > lim [y(w) = £ — Ayfe 5 . Then,
W00 r 2(y+0)
l1(w) always increases in @ and hence [1(w) > [1(0) = cO¢ > 0. Therefore, % >0 and hence W(w)

always increases in w.

In the following, we derive some equivalent conditions to ¢/7 < a, which helps further understand
the role each parameter plays in determining whether there exists an optimal threshold.
1. £€(0,a).
c(c+r)(y+0)2

2. Ae (;\,oo), where A = i
3. 0€(0,0), where 6 = Ar+4J(4y+A+ay DA r—2yc— 27/7

2(c+r)
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Ar— 29c—\/()\ 40-S)Ar Ar— 29c+\/(/\ 46-%) Ar A0 _ ¢ 2
( T Sy <1
4. y c (‘)/1,')/2)7 where (’)/1,‘)/2) = (0 Ar— 296+V(/\ 465_” /\1‘ c < /\59
r — 9
(0,0), otherwise.

Then, we analyze the comparative statics for different parameters when either of the above

conditions hold. Since I;(w*) =0, we derive the following equation.

c 7 (e%“)*(”“e) (ccosh (3w*c) = (y + A +0)sinh (3w7c)) - g)
r (y+ G)e%‘“*(ﬁ“e) ((y + A — 6)sinh (%w*g) — ¢ cosh (%a)*g)) +7¢

= h(w"). (EC.2)

In the following, we derive the comparative statics with the assistance of the Mathematica
software. The general approach is to derive the gradient of the optimal threshold w* by implicit
differentiation and prove that the sign of the gradient for any positive w. For example, for the
parameter A, we first derive the gradient 33% as f(w"), and then show that f(w)<0 for all w >0.
Therefore, we prove that w* decreases in A.

Part I: Cost-Reward Ratio c/r.

First, we consider the cost-reward ratio ¢/r. We compute the gradient of the function h(w).

[ Ih(w) ] ()/ +y(A+20)+60(0 - A)) sinh ( a)g) +(y+0)ce2 Fol+1+0) _ (y +0)c cosh (%a);)

(y +y(A+20)+6(0 - A)) sinh ( ; mg) +(y+0)ce Swe _ (y + 6)c cosh (%(ug)

:((’/‘*'9)», )f -y(A+20)-0(0 - }l))smh( wg) 0.

The first inequality holds because ¢ < (A + y + 0), and the second inequality holds because

2 _
sinh(x) >0, Vx>0 and ¢ >~ +y(A+;f;+6(9 . Therefore, h(w) increases in w. Since c/r = h(w*), w

increases in ¢ and decreases in r.

Part II: Purchase Rate A.
Since h(w*) =<, we derive the gradlent by taking implicit differentiation.

dw Ih(w*) | dh(w*)
g1(@?)= 0[8/\] O[’ o /8&)*]

1 =
=y (y+A+0)ce”2¢ (r+1+0) ¢ osh ( 3 ) +(+0)(y+A-06)(sinh(w'c)—w*c)

s ye a0 (w* (7/2+2y(/\+9)+(}t—6’)2)—2(;/+/\+6)) sulh( i ) (y +0)c (cosh (w'c) = 1).

Then, we will show that g1(w) <0 for any w > 0. We compute the gradient of g1(w) as follows:

9g1(w)

. 1 —Low@+1+0 1
ol P ]=2$mh(5075)( (()"*4)2*'2)/9"'32 e 2 @+A0) y+6<(V+}l G)gsmh(zaJC)

1

<25mh(§ )()/ ((y+/\)2 +2y6+92

)

—((y+/\+6)2—4/\6)cosh( ))) 2yAOwce” 2 }MHS)cosh(%wg)
)e” Fot+1e0) G +o)or+a- e),smh( we) - (r+1+0)2 - 4/\6)cosh(% )))
Je

<25mh( )()/((ﬂ/+/\)2+2v9+92 e “’5+()/+9(7/+/\ 9)gsmh( mg) ((y+/\+9)2 4/\9)cosh(% g)))

l\’)\»—t
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=2sinh (%wg) (— 0(y? +(A-06)% +2y0) cosh(%mg) +((y+0)y+A-0)c—y ((7/+A)2 +2y9+62) )sinh (%wg))

S—QSinh(%w;)Q (+0(A+y+6)2 410 (J(A+y+9)2 —4A6—(/\+7/—9))

<0.

The first inequality holds because cosh(x) > 0, the second inequality holds because ¢ < (A +y +0),
the third inequality holds because sinh(x) < cosh(x), and the last inequality holds because ¢ >
(A 4y —0). Therefore, we have g1(w) < g1(0) =0 and hence w* decreases in A.

Part III: Recapture Rate 6. )
Since h(w”) = 7, we derive the gradient ‘93% by taking implicit differentiation.

G101 %5 %

g2(0") = <>[

—2(A+30) (0w +1)+¢ (ew* ()/2 +2y0+ (- 9)2) F+A+0)2 - 4/\9) - ()/3(9m* + 1)) +y (/\2 +00* (1 - 0)(A+30) 210 — 392)
1 % *
+A (—9(7/+3/\)+()’+)\—26)c+(}'+)\)2 +292) e 2@ -ty +A+40) (e“’ < 1) +(A-0)3(0w" + 1))

—ew'c ( —72(1+30)(0w* +1) ¢ (ew* (yz +290+(A - 9)2) +(y+A+0)2 - 4/\9) - (y3(em* + 1))

1 o+ e
+y ()\2 +00" (A= 0)(A+30)-210 - 392) +A (e(y +30)+ (P +A-20)c—(y+1)2 - 292) e 2V ety +A+0) (e“’ o 1)

1o 1 s
+(A-0)3(00" + 1)) —2cez @ r#Mt0) 5o (ew*(y FO(y-A+0)+(y+A+0)2 - 4/\6) .

Next, we show ga2(w) >0 for any @ >0. To show this, we use the Mathematica software to obtain

the k-th derivative of go(w) for k=1,2,...,6 and verify that g;k)(()) >0 for k=1,2,...,6 and
g;&(w) >0 for all w >0. Then, we have g2(w) > g2(0) =0 for all @ > 0. Therefore, we have w*
increases in 6. For ease of exposition, we leave the detailed calculation to Appendix EC.3.3.
Part IV: Churn Rate y.

For the churn rate y, we find that @* first decreases and then decreases for the general model.
However, due to the complicated formula, we only provide proof for a special case when 6 =0. In
this case, the function h(w) becomes
Ay (eMV9 + —(A +y)w —1)

h(w) = .
@) Y2eM)@ + 9210 + yA2w + 21y + A2

By implicit differentiation, we have

dw* _3}1(&)*) / Ih(w*) 72 (782w(y+/\)) +e?0+) (V ()’(‘)2(7/ +1)2 +w(y +A0)2 + y) +/\2) +A (7w(y +1)2 7)\)

dw*

dy Iy YO+ A2 (0D (pay +4)+2)-A)

and

Jdy2  dy

Then, we define g3(w) as follows:

ss@)=0] ‘fy“;* ]
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=—21¢20(+1) (7/2013(7/ +1)3 (37/2 +2yA +A2) +yw(y+21) (4)/3 +13yA2 + 4)[3) +29212 42930+ 9% 45913 902 (y + )2 By + A1) + 2/\4)
+ 1200+ (mz(y +1)2 (10)/2/\ +6y3 +yA2 - AS) +w(y+A7) (187/2/\ +2y3 +9yA2 4 2/\3) +29220+293 —p2203(r+ )3 + 11942 + 5)\3)
4 eB30(+A) (},20,2(;, +1)2 (5y2/\ +3y3 +10yA2 + 2;\3) —yawly+A) (2;/2/\2 ~ 14937 +9% —10yA3 - 3/\4) +2y312 129213 £ 25w (y + 1)

+3y%w3(y + /\)3()/ +21) + 5)/4/\ - )/5 +3yA%t+ /\5) - 2]/484{‘)()/+A) (2qu2(y +1)% + Blo(y+A) -y + 2/\)

+ )/485“’()'“\)(7/(1)()/ +A) =y +A) =203 w(y +1)3 - 2/\4(27/ +A).

Next, we show g3(w) >0 for any w > 0. To show this, we use the Mathematica software to obtain
the k-th derivative of g3(w) for k=1,2,...,10 and verify that gék)(O) >0 for k=1,2,...,10 and
gélo)(a)) >0 for all @ >0. Then, we can derive that g3(w) >0 for all w > 0. Subsequently, we have

‘2)27%* > (0 and hence w* is convex in y. As mentioned, the optimal threshold w* is infinite when y is

either sufficiently low or high. Therefore, the optimal solution w* first decreases and then increases

in y. For ease of exposition, we leave the detailed calculation to Appendix EC.3.4. o

EC.2 Additional Numerical Experiments
EC.2.1. Additional Numerical Experiments for Section 4

In the following, we provide additional numerical experiments for the activation probabilities p,
and p,. In Figure EC.1, we illustrate the impacts of activation probabilities p, and p, in three

representative cases with different cost-reward ratios.

0.9
0.40// -
] 0.8 -
035 — gl e —
3 -—= w ’,,"’ 307 /,”/ T Wy
030] _._ - - —
’4’ "/’
025 //’/ 0.6‘:/’
”,/’ ____________________
020 T T 1
05 06 07 08 09 1.0 05 06 07 08 09 10 05 06 07 08 09 1.0
Py Pp Pp
(a) pp (c=0.05) (b) pp (c=0.15) (c) pp (c=0.25)
30— 3.0 . 3.0 T
l “o | “o | — wy
250 | N 25 | oy 25 % oy
2.0 i ) 2.0 ! ) 2.0 i )
Y
! \\
315 \?\\
N
1.0 ~ =
0.5
00 02 04 06 0.8
Pa
(d) pa (c=0.05) (e) pa (c=0.15) (f) pa (c=0.25)

Figure EC.1 " as functions of activation probabilities p, and p, (A=1.5, y=1, 0=1, r=1, c€{0.05,0.15.0.25},
pp=0.8 and p; =0.5).
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Then, we explain the additional insights behind the results in Figure EC.1. In Figures EC.1a and
EC.1b, as the activation probability p, increases, in addition to Observation V, we also observe
some cases where w; or w] increase. First, in addition to activating inactive customer, an ad
campaign also induces customers’ fatigue to promotion, which diminishes the effectiveness. As
pp increases, the difference between non-fatigue customers and fatigue customers becomes more
significant, resulting in a weaker effectiveness. If this negative effect dominates, then the threshold
wy, increases in pp (see Figure EC.1a).

Second, according to the mapping in Appendix A.3, since the threshold w] is induced by the
belief evolvement from [0, b}, + (1 —b},)py,0] to [0,b7,0]. as p, increases, w] may increase if the
starting belief by, + (1- b;)pp significantly increases (see Figures EC.1a and EC.1b).

In Figures EC.1a and EC.1b, as the activation probability p, increases, in addition to Observation
V, we also observe some cases where wj slightly increases. Similar to w7, since the threshold
is induced by the belief evolvement from [0, b}, + (1 —b})p,,0] to [0,b},0], as p, increases, @} may

increase if the starting belief b} + (1 —b};)p, significantly increases. |

EC.2.2. Additional Numerical Experiments for Section 6.1
In Figure EC.2, we illustrate the impact of the impact factor 6 when the ad cost c¢ is extremely

small.

0.0

Figure EC.2  w>" as function of 6 (A=1.5, y=1,6=1, r=1, c=0.05, pp=0.8, pa=0.5, u=2, us =1).

According to Figure EC.2, if both the discount factor 6 and the ad cost ¢ are small, then the
optimal thresholds may be smaller than . The reason is that the maximal waiting time & is

extremely large such that choosing thresholds greater than & will induce a low profit. m|
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EC.3 Omitted Computation
EC.3.1. Computation Details of Efficient-Activation Case

In the following, we slightly abuse the notation and define each interval between two adjacent
events as a “cycle”. Similar to the base model, given a single-threshold policy ¢, we use nf(a))
and Kf (w) to denote the random profit and length of the k-th cycle, respectively. We can deduce
that nf(a))’s and Kf(a))’s are i.i.d. with their corresponding groups. Then, we can compute the
long-term average expected profit WE(w) under the single-threshold policy @@ as follows:

E [nE (a))]

E —
B T

where 71F(w) and xF(w) share the same distributions with nf(a))’s and Kf(a))’s, respectively. The
cycles can be categorized into two types:
1. Purchase Cycle: The cycle ends with a purchase. In this case, we have nf(w) = and xF(w) <
w.
2. Ad Campaign Cycle: The cycle ends with an ad campaign. In this case, we have nf(w)=—c
and xF(w) = w.
Suppose the probabilities of the purchase and the ad campaign cycle are pa(w) and 1 - pa(w),

respectively. Then, we can compute the objective as follows:

pa(w)r = (1-pa(w))c

PE(w) = =
pa(@)E(L, @) + (1 - pa(w)) w
A6 (Qgr —(c+7)e 2@HYHH0) (3 — A 4+ 0)e@S + ce®S +c—y + A — 6))
e 500+A0) (22(32 1+ (A +20) + 6(6 — A)) sinh (%) — 2 (( + 0) cosh (%)) +2c(y + 6)
where the notations are the same as those in Appendix A.5. a

EC.3.2. Computation Details of Section 6
Similar to Appendix A.5, we compute the expected cycle profit and cycle length as follows:
B[ (@) =pa(@o =) 1+ (pa(@0) = pa(@o = ) - (r =) + (1= pa(@o)) - pp (Bp + (1= bp)pp, 01 = &) -(r =€)

+(1=pa@0)) - (pp (Bp + (1=bp)pp, 1) = pi (bp + (1 =bp)pp 1 =€) ) (r = 26)

+

e

Wi
N

(1-pa(wo))- (l—pB (bp (1 —bp)pp,wl)) (1= pp (ba+ (1 =ba)pa, w2)) "2 p (ba + (1~ ba)pa, wa — &) - (r — ic)

+

e

0
o

(1 *PA(MO)) . (1 —PB (bp +(1 *bp)l”p/(ﬂl)) . (1 —PB (bu +(1 *ba)ParfU2))i72 . (PB (bu +(1 *hu)Pa,ﬂ&) —PB (ba +(1=ba)pa, w2 *5)) S(r=(i+1)c),

=r=(1=pa(wo ~£)-c = (1=pa(@0))- (ps (bp + (L= bp)pp, 1) = pi (bp +(1=bp)pp, w1 =) ) -c

(1=pa@0)- (1= pBlby+(L=bp)pp, 1) - pi (ba + (1 = ba)pa, w2 — &)
i (pB (ba +(1=ba)pa, w2))° N
(1=pa@0)- (1= pBlby +(L=bp)pp, 1) - (P (ba +(1 = ba)pa, @2) = pg (ba +(1 = ba)pa, w2 = £)) (1+ps (ba +(1 = ba)pa,2))
B (pB (ba + (1 =ba)pa, w2))? “

E[x5 (@)] =pa(wo — &) E(1, w0 — &) + (pa(@0) — pa(wo — &) - wo + (1 = pa(wo)) - pg (bp +(1=bp)pp, w1 *5) - (wo +E (bp +(1-bp)pp, w1 *5))
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+(1=pa@o) - (o5 (Bp + (1 =bp)pp, @1 ) = pp (by + (L= bp)pp, @1 = &) ) (@0 + 1)

+

e

I
M)

(1=pa(@0)- (1= pp (B + (L =bp)pp,@1))- (1= ps (ba + (L= ba)pa, 2)) ™2 - p (ba + (1= ba)pa, 0z = &) - (w0 + w1 + (i =D +E (ba + (1= ba)pa, w2 = ))

i

e

T
N

+ (I_PA((UO)) . (1_PB (bp +(1 _bp)l’p/wl)) . (1 ~—PB (ba +(1_ba)puzﬂ’2))i_2 . (PB (ba +(1—ba)Pa/(U2) —PB (ba +(1—ba)Pa/(U2 —5)) (wo+w1 +(i-1w2)

=pA(wo — &) E(L,wo = &)+ (1= pa@o = &) <o + (1 = pa@o)) - pp (bp + (1= bp)pp, 01 = &) -E (by + (L= bp)pp, 01~ &)
(1-pa@o)) - (1= pp (Bp +(1=bp)pp, 1)) pp (ba +(1 = bo)pa, w2 —£)
pp (b + (1 ~ba)pa, w2)
(1=pa@0)) - (1=pp (Bp + (1 =bp)pp, 1)) p (ba + (1= ba)pa, w2 =) - (1= pp (ba + (1= ba)pa, w2))
' (o b+ (1~ tuypn 2]
(1=pa(@0)) - (1=pp (bp + (1=bp)pp, 1)) (0B (ba +(1 = ba)pa, 2) = p (ba +(1 = ba)pa, w2 - )

* WY,
(0B (ba + (1 =ba)pa, w2))?

+(1-pa(wo))- (1 —pp(by + (1= bp)pp, an 7‘5)) w1+ & (ba + (1~ ba)pa, w2 — &)

cw2

The objective function can be computed as W5(w) = E[n®(w)]/E[x°(w)]. Then, we plug the
expressions of w;’s into W¥(w), and solve the optimal belief threshold (bg’*,bg’*) and the corre-
sponding optimal thresholds w®*. o

EC.3.3. Detailed Calculation of g2(w) in Appendix EC.1
In the following, we show that g2(w) >0 for any w > 0.

o [agg(w)

1o
e ] = —(e 329w ((Gw + 1))/4 +(AOw+3)+(Bw+1)(40 +¢)) )/3 + ((3 —0w)AZ +0(4 - Bw)A +2cA + 362 (20w + cw + 2) + 56;))/2

+((1—6&)))\3+(6(u(26—;)+g)/\2+6(g—6(56w+1))/\+62(6(46a)+3gw+4)+7g))7/
+92((39w—gw+1))\2—(9(39a)+2)+g)/\—/\Sa)+9(m(9+g)9+9+3g)))
§;mfl(}'+/\+€)w 4 3 2 _ _

—e2 2 Ow+1)y* +(2M(0w+2)+0 (40w +cw +5)+¢|y° +[2(0w +3)A% + (wcO +50 +¢) A

+0(360(20w+cw+ 3)+4g))y2 + (2(6(4) +2)A3 — (wcH+50+c) A% —26(60(30w +cw +3) — ) A + 62 (6 (40w +3cw +7)
_(1_/\2(_ _ _ _ l(4:)m 3_(_ 2

+5¢) |y —(A=0)° (A +0+¢c)(OwA+A-0(0w+2))|+A0 (y(A+20)+ (A —20)(A -0 +¢))+e2 Ay =(c=30)y

1 1
+(3)\2—59A—2;A—5a2+e;)y—</\—29)2(—A+e+;))+e7“"§‘y+“9)”9(y3+(A+36—g)y2

7(/\2+29)\7392+26;)7/—(/\—6)2(/\76+g)))
=01

01| _
0[ dw ]_

- eg“’((ew + 1)7/5 +(ABOw+2)+0(50w +cw+T)+ C)V4 + ((Sw —2)A2 +0(30w +2cw + 10) A + 564 + 202 (50w + 2cw +9)
+ 69;);/3 + ((9 (~40w+3cw+11)+9c)A2 — 0 (90)92 YwcO+6— 5;) A=A3(50w +8) + 202 (9 (50w +3cw+11)+ 6g))y2
+ ((9(79w+4gw+20)+7g))\3 +0(0(90w —2)—11c)A% =02 (6 (150w +8cw +24) + 12¢) A — A% (60w + 7)

403 (0(50w +4cw +13) + 10¢) )y +(1-0)2 (2(ew +1)A2 230(0w + 2)A + 62 (0w + 3)) (~A+0+ g))

b3 (rMBw ((ew +1)y5 +(2A(Bw +2) + 6 (560w +cw +8) +¢) y* + (6/\2 +0(40w+cw+14)1+3cA

+262 (50w +2cw +11) + 56g)y3 + ((4 —20w)A3 + (—cwb + 40 +3¢) A% + 6 (—cwb + 60 + 4c) A

+62 (20 (50w +3cw + 14) +9g))y2 + ((1 - 6&)))\4 +(c-0(wc+ 2))}t3 +0(2wch + 66 — g)/\2

—02 (0 (40w +5cw +14)+c) A + 03 (9 (50w +4cw+17)+ 7g))7/ - (A-06)62 (wA3 + (0w +cw+2) A2
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—6(9w+2gm+6))\+6(6(m(9+g)+4)+2;)))—6()/4+(2A+46—;)y3+(A2+9A—g}t+662—36§)7/2
1 -
+9(492 —4/\9—3g9+)\;)y—(/\—9)29(/\—9+g))—237(V+A+0+3”>("/\(y4+(4/\+9—g)y3

+ (6)\2 —49/\—3g)\+392) y24 (4/\3 —(110+3c)A2 + 6 (40 +5c) A + 62 (70+5g))y—(/\— 29)2(/\—0)(—/\+9+g)))
=09

(9@2]__

<>z?(u

- ( ((/\ +y+0)? - 4;\9) ((Qw + 1)y +(A(20w +5)+ 0 (40w +cw +T7) + <) y> + (3(9a) +3)A2+0(-0w +cw +6) A
+30(0(20w+cw+5)+ 2g))y2 + ((46(u +7)A3 = (2wcH+130+3¢) A% — 9(9 (80w +3cw +15)— 2c)/\ +62(6(46w +3cw +13) +9¢) )y

—(A=0)(-A+0+¢) (2(9w +1)A2 - 0(30w + 8)A + 02 (Ow + 4)) )) FeB 00— ((Qa) +1)y5 +(A(30w+5) + 0 (60w +cw +9)+¢)y®

+ (2(6w+5)A2 +0(90w +2cw +24) A + 4cA + 5602 (36w+gw+6)+89q)y4 +2((5—6m)A3 +(0(0w +9) +3c) A2 +6(0(36m+2gw+ 17)
+ 7;))\ +02(50(20w + cw +5) + 11¢) )y3 + ((5 —30w)A% —2¢(6w —2)A3 +20 (6(Ow +4) +2¢) A2 + 262 (6(4 - 30w) + 4c) A

403 (50 (30w + 2cw +9) +28¢) )yz + ((1 —0w)A® + (c -0 (we +3)) 11 =20 (0(0w - 1)+ ) A3 + 202 (3w92 10+ Qg) 22

—03(0(90w +4cw +15)+10c) A + 0% (0 (60w + 5cw +21) + 17¢) )y - (A-0)62 (m‘l + (20w + caw +2)A3 + (0 (200w — cw —2) +2¢) A2
—9(9(26w+gw +4)+4g))\+ 92(9(u+4)(9+g))) —ze%(y*“"“)‘“}\(—ﬁ +(=5A-20+¢)y* +(— 1002 +2(0 +2¢)A

+6(86+g)))/3 + (— 1003 +6(360+c)A2 -50(c-36)A+62 (268+7g))y2 + (—5}l4 +(220+46)A3 —0(186 + 13¢) A2

+62 (7;—206)/\+563(58+3g))y+(2\—6)(/\—28)3(—/\+0+g)))

=03

993 | __
dw |~

1 c
e WM*@*”“’AQ((% +1)y% +((2A +50)(0w +2) + Owc + )yt + (6}l2 +(40(0w +4) + Owc +3c) A + e(ze (50w +2cw+15)+ 5g))y3
+ ((4 —20w)A3 + (—cwb +20+3c) A2 + 6 (—cwb + 460 + 4¢) A + 62 (20 (56w + 3cw + 20) + 9¢) );/2
+ ((1 - 6&)))\4 +(c—0(wc+ 4))/\3 +0 (20 (wg+5)— ;)A2 -2 (040w +5cw+24)+c)A + 63 (050w +4cw +25)+ 7g))y

—(A—G)Gz(w}ts+(—9w+g(u+4)}t2—9(9&)+2gw+10)/\+9(9(m(9+g)+6)+2g)))
Lyr+0-0)0 2 2 2
te? < 9()/+6)(y—/\+9)(()\+y+6) —4/\9)(;/ +(2A+2040)y+A +Ag+6(6+g))

- ((/\+y+6)2 —4)\6) (6)/4 +0(21+40+¢)y3 +6(3/\2 +(;—6)/\+36(26+;))y2 +e(4a3 —2cA2 - 9(80 +3c)A
1,
+02 (49+3g))y—(}\—6)2(2A—6)6(—A+6+g)) —ef(;J”HFHC)“)A(y+}\+6+g)(—y5 +(=BA-260+¢)y*
+ (—10/\2 +2(6+2;)A+6(86+;)) 3+ (—10/\3 +6(30+c)A2 —50(c —30)1 + 62 (266+7g))y2 +(75/\4+(229+4g)/\3

—0(180+13¢)A% + 62 (7c—200) A + 505 (59+3;));/+(A —0)(A-20)3 (-7 +9+;)))
::@4

o 994]

dw

Ay +6) (y3 +(A+30)y2 - (/\2 +29)\—392) y—(A—G)S) (+A+0+c)02 + %A((Q(u+ 1)y5 + (21 + 50)(0w + 2) + wc + )yt
+ (6}12 +(40(0w +4) +Owc +3¢c)A + 9(29 (50w +2cw +15) + 5g))y3 + ((4 - 29(0))[3 +(0(2-cw)+ 3c)A%+0 (O(4-cw)+40)A
+62 (26 (56w + 3cw + 20) + 9¢) )y2 + ((1 —0w)A +(c—0(wc+4) A3 +6(20 (ws +5)—c) A% =62 (B(40w +5cw +24) +c) A

+63(6(56w+4gw+25)+7g))y—(}l—6)62(wA3 +(-Bw+cw+A)A2 - 0(Bw +2cw + 10)A+6(8(&)(9+g)+6)+2g)))(7/+/\+9
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7;>6+%(7/+6)(y7/\+6)(()\+;/+6)274/\6)(7/+A+67g)(7/2+(2/\+29+C)7/+/\2+Ag+6(6+g))9
_%e‘:“’)\()/+)\+9+g)2(—y5+(—5)\—26+g)y4+(—10)\2+2(9+2g)/\+6(89+g))7/3+(—10)\3+6(39+g)/\2—56(g—39)/\

+62 (269+7g))y2 + (—5/\4 +(220+46)A% —6(180 +13¢c) A2 + 62 (7¢c — 200) A + 563 (58+3g))y+(/\— 6)(A -26)3 (—/\+9+g)))

=05
o i%] =—[24203(y +0) ()/2(/\+39)+y3 -y (;\2 +2w—392) -(A- 9)3) - %)\g(g+7/+/\+9)2 ()/2(6/\2 (c+30)+02 (7c+260)— 510 (c —30) - 10/\3)
+}’(}l3(45+229)—)\26(13g+186)+/\92(7@—209)+593 (3g+59)—5/\4)+y3(2/\(2;+6)+6(g+86)_10A2)+y4(;_5)\_26)
:==0g
o %] == (y2+2y(/\+8)+(/l—e)2) (3)/2/”73+3V(/\+9)(/\—39)+(A—26)3))

- (32 (7)/2 YA+ 18A2) +5033y —40)+0(y =T + )2 +(y+ D)4+ 894) ¢

N 27602 (20 (122 +4yA +A2) +02(24y - 114) + (y + 1)2(8y + 31) + 863)
- y+A

>0;

3
O6 2 O lw=0=2102((A +y +0)2 —4A0) 2 ((8)/2 +4y(1+40)+12 ~ 500 +80%) c + 12y2(1+20) + 8% + 3y (12 + 807 —(/\—29)3)

5 2002((h+ 4 0)? — 410) (92 (48y2 + 7yA+12) + 70 (48y2 +4TyA+912) + 8y(y + )2(2y +4) + 1603 )
> 4 -

y+A

>0;

3
5 > 05 |w=0=21602((A+y +6)% -410) 2

(6y —A+60)c+8y2 +4y(A+460)+A% —510 + 862)

3
>21602((A+y+6)% —410) 2 (8;/2 +4y(A+40)+A%2 =510+ 8602 —A(A+y +0) +6(1 + e)g)
>0;

3
04204 |w=0=2102((A+y+60)% -410) 2 (Bg +5y+50— 2/\) >0;

3/2
03203 lu=0=4102 (y2 +2y(1+0)+ (1= 0)?) " 20

B3 >03 |y=0=0
01201 |p=0=0.

We mainly use the facts that ¢ > A +y + %6 and 02 (Ty? +TyA +18A%) +503(3y —4A) + O(y —

TA(y+A)2+(y+A)1+80% > 0 and 20 (122 +4yA + A2) +62(24y —11A) + (Y +1)%(8y +31) +803 > 0
when A,y,0 > 0. Therefore, we have ga(w) > g2(0) =0 for any w > 0. m|

EC.3.4. Detailed Calculation of ¢3(w) in Appendix EC.1
In the following, we show that g3(w) >0 for any w > 0.

[ 9g3(w)

Em ] =—27200+) (2)/2(413()/ +2)3 (3)/2 +2yA+ AQ) +yw?(y+1)? (20)/2/\ +15y3 +13yA2 + 2A3) +2yw(y+A) (77/2A +7y3 +18yA2 + 5/\3)

+17y222 + 4930 + 6% + 14923 + 4/\4) #2200 (@2 + )2 (10y20+ 6% = 2942 =23 ) 4 yaly + 1) (1472 + 38yA + 1142) + 20721

+4y% —yA2w3(y +1)3 +20yA% + 7/13) +e300+A) (3y2w2(7/ +1)2 (1 1921 +6y3 +10yA% + 2/\3)
+yw(y +A) (147/2)\2 + 527/3/\ + 37/4 + 347/A3 + 9}[4) + 47/3/\2 + 16)/2}t3 + 6y5m4(7/ )%+ )/4(413()/ + /\)3(17)/ +18A)+ 29)/4)\ —4y°
+12pA% + 3/\5) —2ytetelrth) (8)/w2(y +A)2 +d0(y +A)(y +310) -4y + 11/\) +y2e500 N (5yw(y + 1) - 4y +51) - 2A3(y + 1)2
=TT
Jlly

o [ﬁ] = 42090+ (2)/2013(7/ +1)3 (37/2 20+ AQ) +2yw2(y+ )2 (13;/% +12y3 +8yA2 + /\3) yw(y+A) (34)/2/\ +20y3 +49yA2 + 12A3)
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+35 +11y°A+ 13y~ +19 +4 + w(y+ 10 +6y° -5 - +w(y+ 58 +26y° +7 -2 +58
7/2/\2 )3/1 7/4 7//\3 14 12 2() )\)2 7/2/\ 7/3 7/\2 A3 (y+A) 7/2/\ )/3 7’A2 A3 )/2)\

+18% = yA2wP(y +2)3 +31pA% 4 713) 4 20041 (3y2w2(y +1)2 (51;/2/\ +35y3 +30pA2 + 6/\3)
+3yw(y+1) (34y2/\2 +74y30 +15y%4 +38yA3 + 9A4) +267312 +82213 +18yPwh(y + )% +3y403(y + 1)3(25y + 181) + 139941

—9y5 +45y04 + 9)\5) — gyeBwlr) (8yw2()/ +2)2 +4w(y +A)(2y +31) -3y + 14A) +5y 4200+ (5 0(y +4) = 3y +51)
=TIl
Il wy+) 5.2 3 3 (.2 2 2 2 2 3 2,43 2 3 2 3
o[ﬁlz—zy\e r+0[2)203(y 4 1) (3)/ +2pA+22) 42702 +1) (19y A+2193 +11942 44 )+)/a)(y+/\)(86y A+77y3 481742 +161%)

+84y212 +45y31 +42y% +31yA3 + 4A4) +e200+1) (33/%2(;/ +1)2 (156721 + 1453 + 60722 + 1242
+6y(y +1) (647212 +125y31 + 50y 1 + 44yA3 +901) + 154312 + 278)2A% + 36y 5wy + )1 + 6w (r + )P (37y + 181) + 50011
+ 27y5 +1 17;//\4 + 18A5) +12 (;/3(/\w(32 —-3Aw)+26)+ 2)/2/\(/\@(5 —3Aw)+29)+ 12;/4u) + y/\2(7 —3lw(Aw+4))- 213 (Aw + 1))

—gytelalyth) (24)/w2(y +A)2 +40(y + )10y +90) -y + 54)\) +5y%e400 ) (20y0(y + 1) - Ty + 201)
:=Il3
o [%] ==22e40* N (2203 + )% (372 +272+42) + 2702 (r + )2 (25721 430y + 14722 4 A3) 4 yo(y +4) (16221 + 1613 + 125722 + 2013 )
+1657212 + 13130+ 119y% +47yA3 +4)\4) +32m(V”)(6y2w2(y +1)2 (105)/2)\ +128y3 +30yA2 + 6/\3)
+3yw(y +A) (188)/2)\2 +406y31+245y% + 100yA3 + 18/\4) +346°312 +410y213 4365wt (y + )2 + 60203 (y + 1)3(49y + 181)
+875y4 0+ 177y + 144714 + 181 ) - 12 ()/2/\(3)\w ~10)- 673 +yA2(3Aw +5) + /\3)

—ayteBelrH) (72)/0)2(7/ +1)2 + 120(y + A)(14y +91) + 37y + 198)\) +20y%e200+ N (10yw(y +A) -y + 10)
=TIy

Olaal_([j J = —2/\6“’(7“\)(2;/2(413(7/ +1)3 (3;/2 +2yA +A2) +2yw2(y+1)? (31)/2}\ +39y3 +17y42 +A3) +yw(y+21) (262;/2/\ +281y3 +181y42 +24}\3)

+290y212 + 29331+ 28071 +67yA% +41%) +¢200+ V) (67202 (y +1)2 (264721 +403)° +60yA? +1213)
+6y(y +1) (248212 +616y° A+ 501y + 112yA% +1814) +1256)312 + 11207223 + 725w (y + M)A + 12103 (7 + )P 61y + 181)
+2968y11+1089y5 +342y1% + 36A°) - 3671300 *D) (24702 (y +2)2 + 3600(y +1)(2y +1) + 31y +781)
+40y%e200+ ) (20yw(y + ) + 3y +201) - 3yA*
=115
o [‘%5] = )\(— 29203(y +1)3 (3y2 2y AQ) —2yw2(y+ )2 (37;/2/\ +48y3 +20yA2 + AS) —yey+A) (386)/2/\ +437)5 124972 + 28/\3)
471222 - 555)3 - 5614 - 91723 - 414) + 4690V (3202 +. )2 (15921 + 203y % + 30712 + 613
+3yw(y +1) (1547/2)\2 +440y31 +452y% +62y1% +914) +500y2A% + 364y %1% + 18) 5w (y + )2 + 3720 (y + )3 (73y + 181)
+1204y%1 +648y°% +99yA% + 9A5) —54yte20(r+l) (24yw2(y +2)2 +dw(y +A)(22y +9A) + 55y + 90)\)

+ 320)/483“’0/*’)‘)(5)/(‘1()/ +A)+2y+51)
:=Ilg
Me] _ (a2 2 (0.2 2) _ 2 3 2, .3)_ 2, 3_ 2 5913
<o s =yA=6yw*(y +A)° 3y“ +2yA+A 4w(y+A)(3Ty“A+48y° +20pA° + A 386y°A—437y° —249yA< - 287
+ 4000+ (3y2w2()/ +1)2 (2137/2/\ +512)3 +30yA% + 6/\3) +3yw(y +A) (214)/2/\2 +758y31+1038y% + 74yA3 + 9)\4) +962y312
+5509213 +18y%wt(y + 1)% +3y2w3(y + 1)3(97y + 181) + 2524y% 1 + 2004y % + 1267 + 9/\5)

—108y2¢20(y+A) (24ym2(y +0)2 +4w(y +1)(28y +91) + 99y + 108/\) +320y2e390 ) (15yw(y + 1)+ 11y + 151)
=117

o [ ‘9;)7 J =@ +A) (37/2@2(;/ +1)2 (2677/2A +803y3 +30yA2 + 6/13) +3ya(y+1) (274212 + 118431+ 2062y % + 86713 + 9/14) +16047312

+772y223 +18 5wt (y + )T+ 3y 103 (r + )3 (1217 + 181) + 47980+ 5118)5 + 15341 + 915 =y (3yw(y + ) (372 + 2p4 4 A2)
+37y21+48y3 +20pA2 + /\3) — 5dye200+D) (24;/(‘;2(;/ +2)2 +40(y +A)(34y +91) + 155y + 126)\)

+240y%eB300 ) (15yw(y + 1)+ 16y + 151)
:=Tlg
[%] = @0+ (37/%2(7/ +1)2 (3217/2/\ +1166)3 +30y12 + 6/\3) +3yw(y+1) (334)/2)\2 +1718y31+3668y% +98yA3 + 9/\4) +2426y3A2

+1030y24% +18)5wd(y + )1 + 34w (y + )3 (145 +181) + 8350y 41 + 113045 + 180yA% +91%) 3722 (32 + 272 +12)



e-companion to Li, Gao, and Wang: Optimal Mobile Ad Campaign Strategy under Markov Customer Dynamics ec27

—108y2e20(+1) (24)/0.)2()/ +A)2 +4w(y +A)(40y +9A) + 223y + 144A) +2160y%e300+ V) (5y0(y + 1)+ 7y + 5A)

:=Ilg
o [%] =2y322(630w(Aw+12)+1714) + 213 (3Aw(6Aw + 119) + 1324) + 3y 8 03 (24w + 169) + 3y 7 02 (—17286‘“(}'“\) +3 lw(12 0w +175) + 1601)
+3y%0 (—576(6/\w +23)e?0*) 1 10800e2¢0 ) 4 A (31w (8Aw + 187) + 3577) + 6000)
+3y5 (720(154(0 +26)e200+) _ 794l w(6Aw + 55) + 303)e“0 ) 1 dw(Aw(Aw(6Aw + 223) + 2381) + 8360) + 7436)
+y4A (—3888(2/\(1) +9)e®0 ) 4 324000200 + 27 w(Aw(2Aw + 49) + 306) + 13504) +18y%20% + 9714 (3Aw +23) + 9A°
=110
o [ ‘91;;0 ] =2y0(y+1) (375)/2/\ +1601y3 +30yA% + 6/\3) +3949212 1249403 (y + 1)% + 3y3 w2 (y + 1)2(169y + 181) + 2360731 + 6000y + 11013

+97A% 472930041 ( —4y2w (- 7560 11210 +58) - 24y3 w2 +y (10(30Aw +67)e?0*) _ 40w (6A0 +67) - 487)
—61 (—50e‘”<y+") +6Aw+ 33) )

> 2yw(y +1) (375;/2/\ +16013 +30yA2 + 6/\3) +3949212 + 249403 (y + )3 + 3y3w2(y + 1)2(169y + 181) + 2360731 + 6000y +
+110yA3 + 9% +216y30+Y) (92)/0)2@ +1)2 +20(y +A)(123y +441) + 61y + 34/\) >0

10 =10 |e=0= 3428312 + 13247213 + 10912y%1 + 13020y + 207y4% +91° > 0

Tg >TTg |w=0= 2420312 + 10279213 + 3589y + 2340y° + 180yA% + 915 >0

Tg > s lw—o=(y + 1) (609)/2A2 +958)31+ 58874 + 14343 + 9/\4) >0

IT7 > TT7 |mo=(y + )2 (1 107927 +844y3 + 404712 + 36/\3) >0

I =g |w=0=(y +1)3 (2627/2 +209yA + 32)\2) >0

5 2115 |w=0=(y +1)*(93y +281) = 0

Iy > T4 |w=0=9(y +/\)5 >0

M3 >T13 |m=0: 0

Mg 2112 |w=0=0
My 2113 |@=0=0.

In the computation, we mainly use the inequality e* > x + 1. Therefore, we have g3(w) > g3(0) =0

for any w > 0. ]

EC.3.5. Closed-Form Expressions for 0 =0 Case

In this case, similar to Schmittlein et al. (1987), once a customer becomes inactive, he will not
switch back to the active state again (unless an ad is pushed to him). Then, we can compute the
objective as

(A+y) (eMMAr —ye) = Ac+7))
AMeM e — 1)+ y(A +y)etVew

\I/NR(a)) —

Then, similar to Appendix EC.1, we can compute the condition when a finite optimal threshold
exists. In addition, the optimal threshold and the corresponding objective can be explicitly solved.
As for the comparative statics, we can follow the similar proof in Appendix EC.1. The results are

summarized as follows:

1. When c/r < A/y, WNR(w) first increases and then decreases in w, and the optimal w™NR* is
given as
_ 2yc+Acyr
oo c 1 e (Ar - yo)

_y(c+r)_)/+A Wor )= AMc+7)
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and the corresponding long-term average expected profit is

(y+M)(c+r)(yc—Ar)

_2yctActyr 4
e y(ctr) (Ar—yc)]

\IINR(C()NR’*) —

Ar—yc—=y(c+r)W_ o)

where W_1(x) is the non-principal branch of the Lambert W function, which is the smaller

NR,*

solution (if exists) of ye¥ = x that is smaller than -1. Furthermore, w increases in c,

decreases in r and A, and first decreases and then increases in .

. When c¢/r>A/y, WNR(@) always increases in @ and hence the optimal policy never pushes

ad campaigns.

EC.4 Omitted Details in Appendix A.9

For each Xy and any u > max{r,c —r}, we have the following inequality

[o¢]

P(Xelzu)=P(Xe<-u)= > (L=p1)(L=p2)(L=ps) ?ps
i=[(r+u)/c]

=(1=p1)(1 = p2)(1 = pg)lH/c1=2

<(1-p1)(1—pa)(1—ps)"/c?
— (1 B Pl)(l B PZ)E—% log(
(1-p3)?

= OfeRxn),

which implies that Xy is a sub-exponential variable with the constant Kx = %log(ﬁ). Thus, for

s€[-1/Kx,1/Kx], we have

E [e(Xk—JE[Xk])s] < K35,

Similarly, for each Yy and any u > @y + w1, we have the following inequality

P(Yk| 2 1) =P(Yi 2 u) <P (Vi 2 wo + @1 + w2 - | (4 — w0 — w1)/ w2])

(o]

= Z (I-p1)1—=p2)1- p3)ip3 — O(e—Kyu)’

i=|(u—wo—w1)/w2]

implying that Y} is a sub-exponential variable with a constant Ky. Thus, for s € [-1/Ky,1/Ky], we

have

E [e(Yk—]E[Yk])S] < eK}Q,SZ.

Then, we can use the Chernoff bound to derive upper bounds for the probabilities of two low-

probability events.
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1. The probability that the total cycle length of the first n cycles is greater than T is as follows:

n
P ZYk>T =P
k=1

<

(g(ZZ:ﬂk)S > eTs)

E [6(22:1 Yk)s] e—Ts

=e TS xIT}_ | E [e"*]

<exp (nK3s® + nE[x(w)]s - Ts)

T T
<exp (mK%SQ + (m - €) ]E[K(a))]s - TS)

~exp (%1@52 _ eE[x(w)] X s) ,

where s € (0,1/Ky). Define s :=€ X (]E[K(w)])2 . Since s; = O(x/logT/T), we have s; € (0,1/Ky)

when T is sufficiently large. Letting s = 51 in the above inequality, we can derive that

P(Xi Y>T)

< £, because € >

_T/

4KZTlogT
(E[x(w)])?"

2. The probability that the total profit of the first n cycles is less than nr —qT is as follows:

n
P ZXk<nr—qT =P

(er—(e+)E[n(w])E[x(w]

(e<zz:1 Xi)s > e(nr—qT)s)

<exp (nK%s? + nE[n(w)]s —nrs +qTs)

T T
<exp mKiSQ + (m —€— 1) ]E[ﬂ((l))]s
E[n(w)] .
(JE K<w>] e) "5 Eletw) S)

2.2
]EK( )]K x5 t(er—(e+E[n(w])s

K2 2 (e+1)IE[n(a))]s+ers)

ATKS

_eXr—E[n(w)])’E[x(w)]
16TK%

where s = —

2
2TK2

2
16Ky T logT

S .
because € > \/(]E[K(a,)])(y—lE[n(w)])2

e ( (e(r = E[n(@)]) - E[m(@))” Elx()]

€ (-1/Kx,0) for a sufficiently large T. The last inequality is

O
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