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We study a periodic-review inventory system with positive lead time and correlated demand. While most inventory mod-

els assume independent demand for tractability, this simplification may lead to model misspecification in practice. We

consider a decision maker who implements a myopic base-stock policy based on a misspecified i.i.d. model, while the true

demand follows a stationary Gaussian AR(1) process. We derive closed-form expressions for the optimal policy under

the true model and for the cost of the misspecified policy, and quantify misspecification loss via a competitive ratio. Our

results show that longer lead times do not necessarily amplify misspecification loss. In particular, when demand exhibits

positive correlation, increasing the lead time can attenuate the impact of misspecification. At the same time, this misspeci-

fication becomes increasingly consequential when backlog penalties are high. Under positive correlation, underestimation

of uncertainty leads to persistent understocking and substantial losses, whereas under negative correlation, misspecifica-

tion induces overstocking and the resulting loss is less sensitive to stockout penalties. Overall, the cost of using a simplified

demand model depends not only on demand variability, but also on whether demand exhibits persistence or reversal over

time and the relative costs of backlog versus excess inventory.

1. Introduction
In the classical literature on stochastic inventory control, intertemporally independent demand is often

assumed for analytical tractability (see Goldberg et al. 2021 for a review). However, in many practical set-

tings, demand exhibits significant serial dependence and is more appropriately modeled by a time-series

process. For instance, demand stimulated by advertising or promotions today may cannibalize future demand,

inducing negative correlation over time. Accounting for such dependence typically requires tracking the

entire demand history in the associated dynamic program, leading to the well-known curse of dimension-

ality. As a result, much of the literature focuses on models with independent demand. To implement these

models in practice, however, one must approximate the true demand process using a parsimonious forecast-

ing model (e.g., i.i.d. demand), which introduces model misspecification. This raises the question of how

such misspecification affects inventory decisions. In particular, we investigate the following question:

How does misspecification loss vary with lead time, correlation level, and backlog penalty?
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This paper provides an exact, closed-form answer to this question in an analytically tractable setting.

Specifically, we consider a periodic-review backlogged inventory system with deterministic lead time 𝐿 >

0 and an autoregressive demand process AR(1) with correlation parameter 𝜃 ∈ (−1,1). We compare two

myopic (newsvendor) base-stock implementations for the cumulative lead-time demand. In the first, the

decision maker uses the true AR(1) model to form the conditional distribution of the (𝐿+1)-period demand

and selects the corresponding conditional quantile. In the second, the decision maker misspecifies demand

as an AR(0) (i.i.d. Gaussian) process, selects the unconditional quantile, and applies it in the true AR(1)
environment. We measure misspecification loss using a competitive ratio, defined as the long-run average

cost under the misspecified policy divided by that under the policy based on the true model.

Main results. We show that the misspecification loss can be decomposed into two components: informa-

tion factor and correlation factor. Information factor, measured by the ratio of unconditional to conditional

lead-time demand variance, reflects the relative uncertainty increment over the lead-time window as the

seller ignores the last-period demand information. Correlation factor, measured by the ratio of approximated

to true lead-time demand variance, captures the distortion arising from approximating correlated demands

as independent.

Our first set of results concerns the impact of lead time on misspecification loss. We show that, for suffi-

ciently large 𝐿, the competitive ratio is monotone in 𝐿, with the direction depending on 𝜃 (and a threshold

𝜃): when 𝜃 < 𝜃 (e.g., demand is sufficiently negatively correlated), a longer lead time amplifies misspec-

ification loss, whereas when 𝜃 > 𝜃 (e.g., demand is sufficiently positively correlated), a longer lead time

mitigates it. This finding is surprising and shows that lead time does not simply make misspecification worse.

Instead, its effect depends on how demand evolves over time and on which of the two components of the

misspecification loss has a dominant effect. On the one hand, the information factor decreases in 𝐿 because

the influence of the last observed demand on future demand decays geometrically. On the other hand, the

correlation factor increases in 𝐿 because a longer lead-time involves more correlated demand realizations,

making the independence approximation less accurate.

When demand is positively correlated, the impact of the last-period demand information accumulates

over time, resulting in a relatively large information factor. Meanwhile, since the demand process mainly

reinforces movement in the same direction, the independent-demand approximation is relatively accurate

and the induced correlation factor is relatively small. As a result, the information factor dominates, so that

the misspecification loss decreases in 𝐿. In contrast, when demand is negatively correlated, the impact of

the last-period demand information offsets over time, resulting in a relatively small information factor. In

this case, since demand tends to alternate over time, an independent model fails to capture this oscillating

dependence structure and thus incurs a substantially larger correlation factor. Consequently, the correlation

factor dominates and the misspecification loss increases in 𝐿.
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Our second set of results characterizes limiting regimes that further clarify the role of correlation. We

derive the limiting competitive ratio as 𝐿→∞ and show that it increases in the absolute correlation level |𝜃 |.
Furthermore, for a fixed |𝜃 |, positive (negative, respectively) correlation leads to higher misspecification loss

when |𝜃 | is small (large, respectively). We also study the effect of the backlog penalty, identifying regimes in

which the competitive ratio diverges under positive correlation as 𝑏 →∞, while remaining bounded under

negative correlation.

These asymptotic results provide simple diagnostics for when demand correlation must be modeled care-

fully and when simplified forecasting may be sufficient from a cost perspective.

Related literature. Our work contributes to the inventory management literature; see Goldberg et al.

(2021) and Song (2023) for comprehensive reviews. Much of this literature assumes that demand is intertem-

porally independent, primarily for analytical tractability. As Goldberg et al. (2021) note, “When demand is

not independent over time, even simple models can become inherently high dimensional ... this phenomenon

arises in many realistic models for demand.” As a result, practitioners often rely on simplified models, which

introduce misspecification. This raises the question of how costly such misspecification can be.

Our work is closely related to the literature that provides managerial insights under correlated demand. For

tractability, most studies (including ours) focus on backlogged systems and an AR(1) demand model with

correlation coefficient 𝜃 ∈ (−1,1), which admits explicit formulas. For example, Lee et al. (1997) study the

bullwhip effect in a backlogged inventory system and show that under positive correlation (i.e., 𝜃 ∈ (0,1)),
the order variance at upstream stages exceeds that of end-customer demand, and this distortion increases

with lead time. The case of negative correlation is not considered. Chen et al. (2000) incorporate demand

forecasting and also find that the bullwhip effect is amplified by lead time and positive correlation. Lee et al.

(2000) show that the inventory reduction from information sharing increases with the correlation level, the

coefficient of variation, and the backlog penalty.

In contrast to these works, which focus on variances or inventory levels, we directly study the ratio of

costs under the true and misspecified models. Our results reveal a more nuanced role of lead time: rather

than uniformly worsening performance under misspecification, a longer lead time can mitigate its impact

when demand is positively correlated or only mildly negatively correlated.

In addition to analytical results, there is also a stream of work on algorithms for correlated demand mod-

els. Many papers consider backlogged systems under autoregressive moving-average (ARMA) demand and

allow negative orders. A common approach is a greedy policy that minimizes one-period inventory cost. For

example, Johnson and Thompson (1975) prove the optimality of a greedy policy with zero lead time, and

Aviv (2003) extends this result to positive lead times. When negative orders are not allowed, Caldentey et al.

(2022) provide an upper bound on the gap between a modified greedy policy and the greedy policy. Since

the greedy policy provides a lower bound on the optimal cost, their bound also upper-bounds the optimality
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gap. They further show numerically that this gap is typically small, justifying the use of the greedy policy as

a benchmark. In addition, Levi et al. (2007), Chao et al. (2015), and Chao et al. (2018) develop algorithms

with worst-case guarantees, while Hihat et al. (2023) and Qi et al. (2024) study learning-based approaches.

Organization. The remainder of the paper is organized as follows. In Section 2, we introduce the model.

In Section 3, we analyze the inventory policy and define the misspecification loss. In Section 4, we study the

comparative statics of the misspecification loss. In Section A, we conduct numerical experiments to test the

robustness of our results. Section 5 concludes.

2. Model
We consider a periodic-review, fully backlogged inventory system over an infinite discrete-time horizon with

deterministic lead time 𝐿 ≥ 0.

Ground-truth AR(1) model. Following the classic supply chain literature (see, e.g., Lee et al. 1997,

Chen et al. 2000, Lee et al. 2000), we model intertemporal demand correlation via a stationary first-order

autoregressive process. Specifically, demand {𝐷𝑡 }𝑡≥1 evolves as

𝐷𝑡 = 𝛼 + 𝜃 ·𝐷𝑡−1 + 𝜖𝑡 ,

where 𝛼 ∈ R is a constant intercept, 𝜃 ∈ (−1,1) is the autocorrelation coefficient, and {𝜀𝑡 } is i.i.d. Gaussian

white noise with mean zero and variance 𝜎2. The restriction 𝜃 ∈ (−1,1) is necessary and sufficient for

stationarity; outside this range the process is explosive. Let 𝜇 := 𝛼/(1− 𝜃) denote the stationary mean. Then

the process can be written in mean-centered form as

𝐷𝑡 − 𝜇 = 𝜃 (𝐷𝑡−1 − 𝜇) + 𝜖𝑡 ,

or equivalently, in moving-average form as 𝐷𝑡 − 𝜇 =
∑∞

𝑘=0 𝜃
𝑘𝜀𝑡−𝑘 . The lag-0 and lag-1 autocovariances are

𝛾0 = E [(𝐷𝑡 − 𝜇) (𝐷𝑡 − 𝜇)] = 1
1− 𝜃2𝜎

2, 𝛾1 = E [(𝐷𝑡 − 𝜇) (𝐷𝑡−1 − 𝜇)] = 𝜃

1− 𝜃2𝜎
2. (1)

Misspecified AR(0) model. As noted in the introduction, much of the inventory literature focuses on

independent demand, which leads practitioners to approximate correlated demand with i.i.d. models. We

capture this by assuming the seller ignores the serial dependence in demand and fits a misspecified AR(0)
model:

𝐷̂𝑡 − 𝜇̂ = 𝜖𝑡 ,

where 𝜖𝑡 ∼N(0, 𝜎̂2). Applying the Yule-Walker equations (see Section 2.5.3 in Brockwell and Davis 2002)

to match the sample moments of the true AR(1) process yields

𝜇̂ = 𝜇, 𝜎̂2 = 𝛾0 =
1

1− 𝜃2𝜎
2,
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where the last equality follows from (1). In other words, the misspecified model correctly captures the uncon-

ditional mean and variance of demand, but ignores all serial dependence.

Inventory system. The system can be modeled as a Markov decision process with state 𝒔𝑡 :=

(𝐼𝑡 , 𝑥𝑡−1, . . . , 𝑥𝑡−𝐿+1, 𝐷𝑡−1) at period 𝑡, where 𝐼𝑡 denotes the on-hand inventory and 𝑥𝑡−𝑖 denotes the order

quantity placed in period 𝑡 − 𝑖. Since unmet demand is fully backlogged, inventory evolves as

𝐼𝑡 = 𝐼𝑡−1 −𝐷𝑡−1 + 𝑥𝑡−𝐿 .

There are no fixed or variable ordering costs. The per-period holding and backlog cost is

𝐶 (𝒔𝑡 , 𝐷𝑡 ) = ℎ · (𝐼𝑡 −𝐷𝑡 )+ + 𝑏 · (𝐷𝑡 − 𝐼𝑡 )+,

where ℎ > 0 is the unit holding cost and 𝑏 > 0 is the unit backlog penalty. Following the classical literature

(e.g., Zipkin 2000), we assume 𝑏 > ℎ. An admissible policy 𝜋 = {𝜋𝑡 }𝑡≥0 is a sequence of decision rules

such that in each period 𝑡, the order quantity is given by 𝑥𝑡 = 𝜋𝑡 (H𝑡 ) ∈ R where H𝑡 = {𝒔ℓ}𝑡ℓ=0. Note that we

allow negative order quantities (i.e., 𝑥𝑡 < 0) for analytical tractability. The seller’s objective is to minimize

the long-run average cost over all admissible policies 𝜋:

𝑉 𝜋 = lim sup
𝑇→∞

E

[
1
𝑇

𝑇−1∑
𝑡=0

𝐶 (𝒔𝜋𝑡 , 𝐷𝑡 )
]
,

where 𝒔𝜋𝑡 denotes the state at period 𝑡 under policy 𝜋.

3. Misspecification Loss
In this section, we derive closed-form expressions for the average cost under each policy and characterize the

resulting misspecification loss. Let 𝜙(·) and Φ(·) denote the standard normal PDF and CDF, respectively.

We also define 𝛽 := 𝑏/(𝑏 + ℎ) and 𝑧𝛽 :=Φ−1(𝛽). We begin by recalling a standard result for the newsvendor

problem with normally distributed demand.

LEMMA 1 (Newsvendor with normal demand; Zipkin 2000). Let 𝑌 ∼N(𝜇0, 𝜎
2
0 ) with 𝜇0 ∈ R and 𝜎0 > 0.

Fix holding cost ℎ > 0 and backlog penalty 𝑏 > 0. For a given order-up-to level 𝑞 ∈ R, define cost

𝐽 (𝑞) := E
[
ℎ (𝑞 −𝑌 )+ + 𝑏 (𝑌 − 𝑞)+

]
.

Then the following statements hold:

(a) For any 𝑞 ∈ R, 𝐽 (𝑞) = 𝜎0 · [(ℎ + 𝑏)𝜙(𝜂) + 𝜂
(
(ℎ + 𝑏)Φ(𝜂) − 𝑏

)
], where 𝜂 := (𝑞 − 𝜇0)/𝜎0.

(b) 𝐽 (𝑞) is convex in 𝑞 and admits a unique minimizer 𝑞★.

(c) The unique minimizer is 𝑞★ = 𝜇0 + 𝑧𝛽 ·𝜎0.

(d) The minimal expected cost is 𝐽 (𝑞★) = (ℎ + 𝑏)𝜙(𝑧𝛽) ·𝜎0.
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3.1. Myopic Policy Under the True Model

We first introduce the inventory policy under the true AR(1) model. We focus on the myopic policy, which

in each period solves a newsvendor problem for the cumulative lead-time demand. Specifically, given state

𝒔𝑡 , the myopic policy sets the target inventory level 𝑞∗𝑡 by solving

𝑞∗𝑡 = argmin
𝑞𝑡 ∈R

E
[
ℎ ·

(
𝑞𝑡 −Δ𝑡 ,𝐿

)+ + 𝑏 ·
(
Δ𝑡 ,𝐿 − 𝑞𝑡

)+�� 𝒔𝑡 ] ,
where Δ𝑡 ,𝐿 :=

∑𝐿
𝑘=0 𝐷𝑡+𝑘 denotes the cumulative demand over periods 𝑡 through 𝑡 + 𝐿. The corresponding

order quantity is then 𝑥∗𝑡 = 𝑞∗𝑡 − 𝐼𝑡 −
∑𝐿−1

𝑘=1 𝑥𝑡−𝑘 .

Given state 𝒔𝑡 and the true AR(1) model, we can expand the cumulative lead-time demand as

Δ𝑡 ,𝐿 =
𝐿∑
𝑘=0

𝐷𝑡+𝑘 =
𝐿∑
𝑘=0

©­«𝜇 + 𝜃𝑘+1(𝐷𝑡−1 − 𝜇) +
𝑘∑
𝑗=0

𝜃𝑘− 𝑗𝜖𝑡+ 𝑗
ª®¬

= (𝐿 + 1)𝜇 +
(

𝐿∑
𝑘=0

𝜃𝑘+1

)
(𝐷𝑡−1 − 𝜇) +

𝐿∑
𝑘=0

(
𝐿−𝑘∑
𝑖=0

𝜃𝑖

)
𝜖𝑡+𝑘

= (𝐿 + 1)𝜇 + 𝜃 − 𝜃𝐿+2

1− 𝜃
(𝐷𝑡−1 − 𝜇) +

𝐿∑
𝑘=0

1− 𝜃𝐿−𝑘+1

1− 𝜃
𝜖𝑡+𝑘 , (2)

where the last step applies the geometric series formula. Since Δ𝑡 ,𝐿 is a linear combination of the Gaussian

noises {𝜖𝑡+𝑘} and the state 𝒔𝑡 , it follows that Δ𝑡 ,𝐿 | 𝒔𝑡 is Gaussian with conditional mean and variance

E[Δ𝑡 ,𝐿 | 𝒔𝑡 ] = (𝐿 + 1)𝜇 + 𝜃 − 𝜃𝐿+2

1− 𝜃
(𝐷𝑡−1 − 𝜇),

V[Δ𝑡 ,𝐿 | 𝒔𝑡 ] = 𝜎2
𝐿∑
𝑗=0

(
1− 𝜃𝐿− 𝑗+1

1− 𝜃

)2

=
𝜎2

(1− 𝜃)2

(
𝐿 + 1− 2𝜃 (1− 𝜃𝐿+1)

1− 𝜃
+ 𝜃2(1− 𝜃2𝐿+2)

1− 𝜃2

)
.

By Lemma 1(c), the optimal target inventory level is

𝑞∗𝑡 = E
[
Δ𝑡 ,𝐿 | 𝒔𝑡

]
+ 𝑧𝛽 ·

√
V

[
Δ𝑡 ,𝐿 | 𝒔𝑡

]
= (𝐿 + 1)𝜇 + 𝜃 − 𝜃𝐿+2

1− 𝜃
(𝐷𝑡−1 − 𝜇) + 𝑧𝛽 ·

𝜎

1− 𝜃

√
𝐿 + 1− 2𝜃 (1− 𝜃𝐿+1)

1− 𝜃
+ 𝜃2(1− 𝜃2𝐿+2)

1− 𝜃2 . (3)

The corresponding long-run average cost under the myopic policy is, by Lemma 1(d),

𝑉∗ = lim sup
𝑇→∞

E

[
1
𝑇

𝑇−1∑
𝑡=0

(ℎ + 𝑏) · 𝜙(𝑧𝛽) ·
√
V

[
Δ𝑡 ,𝐿 | 𝒔𝑡

] ]
= (ℎ + 𝑏) · 𝜙(𝑧𝛽) ·

√
V

[
Δ𝑡 ,𝐿 | 𝒔𝑡

]
= (ℎ + 𝑏) · 𝜙

(
𝑧𝛽

)
· 𝜎

1− 𝜃

√
𝐿 + 1− 2𝜃 (1− 𝜃𝐿+1)

1− 𝜃
+ 𝜃2(1− 𝜃2𝐿+2)

1− 𝜃2 ,

where the second equality uses the fact that V[Δ𝑡 ,𝐿 | 𝒔𝑡 ] is constant across periods, i.e., V[Δ𝑡 ,𝐿 | 𝒔𝑡 ] =
V[Δ𝑡 ′ ,𝐿 | 𝒔𝑡 ′] for all 𝑡, 𝑡′. Since the myopic policy is known to be optimal for this class of systems (see, e.g.,

Lee et al. 1997, Caldentey et al. 2022), 𝑉∗ is indeed the optimal long-run average cost.
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3.2. Myopic Policy Under the Misspecified Model

We now discuss the myopic policy when the seller uses the misspecified AR(0) model. Given state 𝒔𝑡 , the

target inventory level 𝑞∗𝑡 solves

𝑞∗𝑡 = argmin
𝑞̂𝑡 ∈R

E
[
ℎ ·

(
𝑞𝑡 − Δ̂𝑡 ,𝐿

)+
+ 𝑏 ·

(
Δ̂𝑡 ,𝐿 − 𝑞𝑡

)+��� 𝒔𝑡 ] ,
where Δ̂𝑡 ,𝐿 :=

∑𝐿
𝑘=0 𝐷̂𝑡+𝑘 is the cumulative demand forecast under the misspecified model. Since the mis-

specified model posits 𝐷̂𝑡 −𝜇 = 𝜖𝑡 with 𝜖𝑡 ∼N(0, 𝛾0) independently across periods, the estimated cumulative

demand is

Δ̂𝑡 ,𝐿 =
𝐿∑
𝑘=0

𝐷̂𝑡+𝑘 = (𝐿 + 1)𝜇 +
𝑡+𝐿∑
ℓ=𝑡

𝜖ℓ ,

which is Gaussian with mean and variance

E[Δ̂𝑡 ,𝐿] = (𝐿 + 1)𝜇, V[Δ̂𝑡 ,𝐿] = (𝐿 + 1)𝛾0 =
(𝐿 + 1)𝜎2

1− 𝜃2 .

By Lemma 1(c), the target stock level under the misspecified model is therefore

𝑞∗𝑡 = E[Δ̂𝑡 ,𝐿] + 𝑧𝛽 ·
√
V[Δ̂𝑡 ,𝐿] = (𝐿 + 1)𝜇 + 𝑧𝛽

√
𝐿 + 1
1− 𝜃2𝜎, (4)

and the corresponding order quantity is 𝑥∗𝑡 = 𝑞∗𝑡 − 𝐼𝑡 −
∑𝐿−1

𝑘=1 𝑥𝑡−𝑘 .

We now compute the long-run average cost incurred when the misspecified policy 𝑞∗𝑡 is deployed in the

true AR(1) environment:

𝑉̂ = lim sup
𝑇→∞

E

[
1
𝑇

𝑇−1∑
𝑡=0

(
ℎ · (𝑞∗𝑡 −Δ𝑡 ,𝐿)+ + 𝑏 · (Δ𝑡 ,𝐿 − 𝑞∗𝑡 )+

) ]
.

Crucially, the cost is evaluated against the true cumulative demand Δ𝑡 ,𝐿 , not the misspecified forecast Δ̂𝑡 ,𝐿 .

Since 𝑞∗𝑡 is a constant (see (4)) and Δ𝑡 ,𝐿 is stationary, the induced one-period cost process ℎ(𝑞∗𝑡 −Δ𝑡 ,𝐿)+ +
𝑏(Δ𝑡 ,𝐿 − 𝑞∗𝑡 )+ is stationary. Therefore, its expectation is the same in every period, and

𝑉̂ = E
[
ℎ · (𝑞∗𝑡 −Δ𝑡 ,𝐿)+ + 𝑏 · (Δ𝑡 ,𝐿 − 𝑞∗𝑡 )+

]
.

From (2), Δ𝑡 ,𝐿 is Gaussian with mean E[Δ𝑡 ,𝐿] = (𝐿+1)𝜇. Its variance follows from the law of total variance:

V[Δ𝑡 ,𝐿] =V

[
𝐿+1∑
ℓ=1

𝜃ℓ (𝐷𝑡−1 − 𝜇)
]
+V[Δ𝑡 ,𝐿 | 𝒔𝑡 ] (5)

=

(
𝜃 − 𝜃𝐿+2

1− 𝜃

)2

𝛾0 +
𝜎2

(1− 𝜃)2

(
𝐿 + 1− 2𝜃 (1− 𝜃𝐿+1)

1− 𝜃
+ 𝜃2(1− 𝜃2𝐿+2)

1− 𝜃2

)
=

𝜎2

(1− 𝜃)2

(
𝐿 + 1− 2𝜃 (1− 𝜃𝐿+1)

1− 𝜃2

)
.

Note that the unconditional variance V[Δ𝑡 ,𝐿] is different from the estimation V[Δ̂𝑡 ,𝐿] based on the mis-

specified model. In the following lemma, we establish their relationship.
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LEMMA 2. V[Δ𝑡 ,𝐿] ≤ V[Δ̂𝑡 ,𝐿] for 𝜃 ∈ (−1,0) and V[Δ𝑡 ,𝐿] ≥ V[Δ̂𝑡 ,𝐿] for 𝜃 ∈ (0,1).

By Lemma 2, the misspecified model overestimates (underestimates, resp.) demand variance over the

lead-time window when the demand process is negatively (positively, resp.) correlated.

Proof of Lemma 2. We analyze the following difference:

V[Δ𝑡 ,𝐿] −V[Δ̂𝑡 ,𝐿] =
2𝜎2𝜃

(1+ 𝜃) (1− 𝜃)2

(
𝐿 −

𝐿∑
𝑘=1

𝜃𝑘

)
.

Since 2𝜎2

(1+𝜃 ) (1−𝜃 )2

(
𝐿 −∑𝐿

𝑘=1 𝜃
𝑘
)
≥ 0 for 𝜃 ∈ (−1,1), the comparison between V[Δ𝑡 ,𝐿] and V[Δ̂𝑡 ,𝐿] only

depends on the sign of 𝜃: V[Δ𝑡 ,𝐿] ≥ V[Δ̂𝑡 ,𝐿] for 𝜃 ∈ (−1,0) and V[Δ𝑡 ,𝐿] ≤ V[Δ̂𝑡 ,𝐿] for 𝜃 ∈ (0,1). □

Define the normalized (true and estimated) standard deviation ratios

𝛿𝑇 :=
√

V[Δ𝑡 ,𝐿]
𝜎2 =

1
1− 𝜃

√
𝐿 + 1− 2𝜃 (1− 𝜃𝐿+1)

1− 𝜃2 , 𝛿𝐸 :=

√
V[Δ̂𝑡 ,𝐿]

𝜎2 =

√
𝐿 + 1
1− 𝜃2 .

Applying Lemma 1(a) to evaluate 𝑉̂ gives

𝑉̂ =
√
V[Δ𝑡 ,𝐿]

[
(ℎ + 𝑏) · 𝜙

(
𝑞∗𝑡 −E[Δ𝑡 ,𝐿]√

V[Δ𝑡 ,𝐿]

)
+
𝑞∗𝑡 −E[Δ𝑡 ,𝐿]√

V[Δ𝑡 ,𝐿]

(
(ℎ + 𝑏) ·Φ

(
𝑞∗𝑡 −E[Δ𝑡 ,𝐿]√

V[Δ𝑡 ,𝐿]

)
− 𝑏

)]
= (ℎ + 𝑏)𝜙

(
𝛿𝐸
𝛿𝑇

𝑧𝛽

)
𝛿𝑇𝜎 +

(
(ℎ + 𝑏)Φ

(
𝛿𝐸
𝛿𝑇

𝑧𝛽

)
− 𝑏

)
𝛿𝐸 𝑧𝛽𝜎.

Due to the optimality of 𝑉∗, we have 𝑉̂ ≥ 𝑉∗.

3.3. An Auxiliary Policy for Decomposing Misspecification Loss

We also introduce an auxiliary myopic policy that that does not use the last-period demand information

𝐷𝑡−1, but knows the accurate value of the unconditional demand variance over the lead time window, i.e.,

V[Δ𝑡 ,𝐿]. In particular, given state 𝒔𝑡 , the target inventory level 𝑞∗𝑡 solves

𝑞∗𝑡 = argmin
𝑞̃𝑡 ∈R

E
[
ℎ ·

(
𝑞𝑡 − Δ̃𝑡 ,𝐿

)+ + 𝑏 ·
(
Δ̃𝑡 ,𝐿 − 𝑞𝑡

)+��� 𝒔𝑡 ] ,
where Δ̃𝑡 ,𝐿 is Gaussian variable with mean (𝐿 + 1)𝜇 and variance V[Δ𝑡 ,𝐿]. Thus, the auxiliary policy sets

the target inventory level as

𝑞∗𝑡 = (𝐿 + 1)𝜇 + 𝑧𝛽 ·
√
V[Δ𝑡 ,𝐿], (6)

and the corresponding long-run average cost is denoted is

𝑉̃ = (ℎ + 𝑏)𝜙(𝑧𝛽)
𝜎

1− 𝜃

√
𝐿 + 1− 2𝜃 (1− 𝜃𝐿+1)

1− 𝜃2

It can be verified that the auxiliary policy is optimal among all policies ignoring the last-period informa-

tion. In the following, we will use the auxiliary policy as a bridge between the true-model policy and the

misspecified-model policy to explain the misspcefication loss.
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3.4. Competitive Ratio

To measure the misspecification loss, we define the competitive ratio

𝜌(𝜃, 𝐿, 𝛽) :=
𝑉̂

𝑉∗ =
𝛿𝑇

1
1−𝜃

√
𝐿 + 1− 2𝜃 (1−𝜃𝐿+1 )

1−𝜃 + 𝜃2 (1−𝜃2𝐿+2 )
1−𝜃2

·
𝜙

(
𝛿𝐸
𝛿𝑇

𝑧𝛽

)
+ 𝛿𝐸

𝛿𝑇
𝑧𝛽

(
Φ

(
𝛿𝐸
𝛿𝑇

𝑧𝛽

)
−Φ(𝑧𝛽)

)
𝜙

(
𝑧𝛽

) , (7)

which satisfies 𝜌(𝜃, 𝐿, 𝛽) ≥ 1 since 𝑉̂ ≥ 𝑉∗. Two immediate observations follow from (7). First, 𝜌(𝜃, 𝐿, 𝛽) is

independent of both the demand mean 𝜇 and the noise variance 𝜎2. Second, when 𝐿 = 0, we have 𝛿𝐸/𝛿𝑇 =

1, which yields 𝜌(𝜃,0, 𝛽) = 1/
√

1− 𝜃2, a quantity that depends only on 𝜃 and is independent of the cost

parameters ℎ and 𝑏. In what follows, we focus on the practically relevant case of positive lead time, 𝐿 ≥ 1.

Since the misspecified model ignores serial correlation, both the conditional mean and variance it uses

may differ substantially from their true counterparts. To disentangle the two sources of loss, we decompose

the competitive ratio as 𝜌(𝜃, 𝐿, 𝛽) = 𝑓 (𝜃, 𝐿) · 𝑔(𝜃, 𝐿, 𝛽), where

𝑓 (𝜃, 𝐿) :=
𝑉̃

𝑉∗ =

√
V[Δ𝑡 ,𝐿]

V[Δ𝑡 ,𝐿 | 𝒔𝑡 ]
=

𝛿𝑇

1
1−𝜃

√
𝐿 + 1− 2𝜃 (1−𝜃𝐿+1 )

1−𝜃 + 𝜃2 (1−𝜃2𝐿+2 )
1−𝜃2

, (8)

𝑔(𝜃, 𝐿, 𝛽) :=
𝑉̂

𝑉̃
=
𝐺

(
𝛿𝐸
𝛿𝑇

𝑧𝛽

)
𝐺 (𝑧𝛽)

=
𝜙

(
𝛿𝐸
𝛿𝑇

𝑧𝛽

)
+ 𝛿𝐸

𝛿𝑇
𝑧𝛽

(
Φ

(
𝛿𝐸
𝛿𝑇

𝑧𝛽

)
−Φ(𝑧𝛽)

)
𝜙

(
𝑧𝛽

) , (9)

with 𝐺 (𝑥) := 𝜙(𝑥) + 𝑥(Φ(𝑥) −Φ(𝑧𝛽)).
In the following, we explain the two components of the misspecification loss.

1. The information factor 𝑓 (𝜃, 𝐿) measures the loss due to the ignorance of the last-period demand infor-

mation 𝐷𝑡−1. Since 𝑓 (𝜃, 𝐿) = 𝑉̃/𝑉∗, it captures the difference between the auxiliary policy and the true-

demand policy. According to (3) and (6), due to the ignorance of 𝐷𝑡−1, the auxiliary policy deals with

a more volatile demand, i.e., V[Δ𝑡 ,𝐿] ≥ V[Δ𝑡 ,𝐿 | 𝒔𝑡 ], and hence prepares more safety stocks. Further-

more, by (5), we can further quantify the difference V[Δ𝑡 ,𝐿] −V[Δ𝑡 ,𝐿 | 𝒔𝑡 ] =V
[∑𝐿+1

ℓ=1 𝜃ℓ (𝐷𝑡−1 − 𝜇)
]
.

2. The correlation factor 𝑔(𝜃, 𝐿, 𝛽) measures the loss due to the ignorance of the correlation between

future demands. Since 𝑔(𝜃, 𝐿, 𝛽) = 𝑉̂/𝑉̃ , it captures the difference between the misspecified-model pol-

icy and the auxiliary policy. According to (4) and (6), the misspecified model treats future demands

as independent random variables and derives wrong variance estimation V[Δ̂𝑡 ,𝐿], resulting in an inap-

propriate amount of safety stock quantity. In particular, according to Lemma 2, we have V[Δ̂𝑡 ,𝐿] ≥
V[Δ𝑡 ,𝐿] for 𝜃 ∈ (−1,0) andV[Δ̂𝑡 ,𝐿] ≤ V[Δ𝑡 ,𝐿] for 𝜃 ∈ (0,1), implying that the misspecified-model pol-

icy overstocks (i.e., 𝑞∗𝑡 ≤ 𝑞∗𝑡 ) under negative correlation while understocks (i.e., 𝑞∗𝑡 ≥ 𝑞∗𝑡 ) under positive

correlation.

In the following lemma, we show that both factors are greater than one.

LEMMA 3. 𝑓 (𝜃, 𝐿) ≥ 1 and 𝑔(𝜃, 𝐿, 𝛽) ≥ 1.
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By Lemma 3, both factors induce negative effects and hence 𝜌(𝜃, 𝐿, 𝛽) ≥ 1.

Proof of Lemma 3. Since V[Δ𝑡 ,𝐿] ≥ V[Δ𝑡 ,𝐿 | 𝒔𝑡 ], we can deduce that 𝑓 (𝜃, 𝐿) ≥ 1. Since 𝐺′(𝑥) = Φ(𝑥) −
Φ(𝑧𝛽), we can deduce that 𝐺 (𝑥) decreases when 𝑥 ≤ 𝑧𝛽 and increases when 𝑥 > 𝑧𝛽, implying 𝐺 (𝑥) ≥ 𝐺 (𝑧𝛽)
and hence 𝑔(𝜃, 𝐿, 𝛽) ≥ 1. □

4. Comparative Statics
In this section, we analyze how the competitive ratio 𝜌(𝜃, 𝐿, 𝛽) varies with the lead time 𝐿, the correlation

coefficient 𝜃, and the backlog penalty 𝑏. We also define 𝑧∞ := 𝑧𝛽
√
(1− 𝜃)/(1+ 𝜃), which will serve as a key

quantity in the asymptotic analysis that follows.

4.1. Impact of Lead Time 𝐿

We begin by establishing the asymptotic behavior of each factor as 𝐿 grows large.

PROPOSITION 1 (Asymptotic Behavior of the Two Factors).
1. The information factor admits the expansion

𝑓 (𝜃, 𝐿) = 1+ 𝜃2

2(1− 𝜃2)(𝐿 + 1)
+ 𝜃3(3𝜃 + 8)

8(1− 𝜃2)2(𝐿 + 1)2 +𝑂
(

1
(𝐿 + 1)3

)
,

and is decreasing in 𝐿 for all sufficiently large 𝐿, with lim𝐿→∞ 𝑓 (𝜃, 𝐿) = 1.
2. The correlation factor admits the expansion

𝑔(𝜃, 𝐿, 𝛽) = 𝐺 (𝑧∞)
𝜙(𝑧𝛽)

+
𝜃𝑧∞

(
Φ(𝑧∞) −Φ(𝑧𝛽)

)
𝜙(𝑧𝛽)(𝐿 + 1)(1− 𝜃2)

+
𝜃2𝑧∞

(
3Φ(𝑧∞) − 3Φ(𝑧𝛽) + 𝑧∞𝜙(𝑧∞)

)
2𝜙(𝑧𝛽) (𝐿 + 1)2(1− 𝜃2)2 +𝑂

(
1

(𝐿 + 1)3

)
,

and is increasing in 𝐿 for all sufficiently large 𝐿, with lim𝐿→∞ 𝑔(𝜃, 𝐿, 𝛽) =𝐺 (𝑧∞)/𝜙(𝑧𝛽).

Proposition 1 reveals that the two factors exert opposing forces as 𝐿 grows: the information factor

decreases toward one, while the correlation factor increases toward a limit that depends on 𝜃 and 𝛽. The

intuition is as follows. First, as mentioned, the information factor is related to V[Δ𝑡 ,𝐿] − V[Δ𝑡 ,𝐿 | 𝒔𝑡 ] =
V

[∑𝐿+1
ℓ=1 𝜃ℓ (𝐷𝑡−1 − 𝜇)

]
. The influence of the historical demand 𝐷𝑡−1 on future periods decays geometri-

cally (i.e., at rate 𝜃ℓ), so its cumulative effect over the lead-time window remains bounded. As 𝐿 increases,

this bounded cumulative effect becomes negligible relative to the growing lead-time demand Δ𝑡 ,𝐿 , and the

information factor consequently converges to one. For the correlation factor, the key observation is that the

misspecified model treats the demands {𝐷𝑡+𝑘} as independent, so each additional period in the lead-time

window contributes an independent variance of 𝛾0 to V[Δ̂𝑡 ,𝐿] = (𝐿+1)𝛾0. In contrast, the true unconditional

variance V[Δ𝑡 ,𝐿] grows more slowly with 𝐿 under negative correlation (and faster under positive correla-

tion) due to the offsetting (reinforcing, resp.) effect of the serial dependence. As the lead time increases, the

involvement of more correlated demand variables makes the independent estimation less accurate, causing

the correlation factor to grow.
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Proof of Proposition 1. We first rewrite 𝑓 (𝜃, 𝐿) in (8) as follows:

𝑓 (𝜃, 𝐿) =
√

V[Δ𝑡 ,𝐿]
V[Δ𝑡 ,𝐿 | 𝒔𝑡 ]

=

√
V[Δ𝑡 ,𝐿 | 𝒔𝑡 ] +E[Δ𝑡 ,𝐿 | 𝒔𝑡 ]

V[Δ𝑡 ,𝐿 | 𝒔𝑡 ]
=

√
1+ 𝜃2(1− 𝜃𝐿+1)2

(𝐿 + 1)(1− 𝜃2) − 𝜃 (1− 𝜃𝐿+1)(2+ 𝜃 − 𝜃𝐿+2)
.

where the second identity follows from the law of total variance and the fact thatV[Δ𝑡 ,𝐿 | 𝒔𝑡 ] and E[Δ𝑡 ,𝐿 | 𝒔𝑡 ]
are both constants independent of 𝑠𝑡 . By Taylor expansion that

√
1+ 𝑥 = 1+ 𝑥

2 − 𝑥2

8 +𝑂 (𝑥3) and the fact that
𝜃2 (1−𝜃𝐿+1 )2

(𝐿+1) (1−𝜃2 )−𝜃 (1−𝜃𝐿+1 ) (2+𝜃−𝜃𝐿+2 ) =
𝜃2

(1−𝜃2 ) (𝐿+1) +
𝜃3 (𝜃+2)

(1−𝜃2 )2 (𝐿+1)2 +𝑂
(

1
(𝐿+1)3

)
, we can derive that

𝑓 (𝜃, 𝐿) = 1+ 𝜃2

2(1− 𝜃2)(𝐿 + 1)
+ 𝜃3(3𝜃 + 8)

8(1− 𝜃2)2(𝐿 + 1)2 +𝑂
(

1
(𝐿 + 1)3

)
,

which also implies that lim𝐿→∞ 𝑓 (𝜃, 𝐿) = 1. Then, we have

𝑓 (𝜃, 𝐿 + 1) − 𝑓 (𝜃, 𝐿) = − 𝜃2

2(1− 𝜃2)(𝐿 + 1)(𝐿 + 2)
+𝑂

(
1

(𝐿 + 1)3

)
≤ 0,

which implies that 𝑓 (𝜃, 𝐿) decreases in 𝐿 when 𝐿 is sufficiently large.

In the following, we analyze the correlation factor 𝑔(𝜃, 𝐿, 𝛽) in (9). By Taylor expansion (1 − 𝑥)−1/2 =

1+ 𝑥
2 + 3

8𝑥
2 +𝑂 (𝑥3), we have

𝛿𝐸
𝛿𝑇

𝑧𝛽 = 𝑧𝛽

√
1− 𝜃

1+ 𝜃 ·
√√

1

1− 2𝜃 (1−𝜃𝐿+1 )
(𝐿+1) (1−𝜃2 )

= 𝑧∞ ·
(
1+ 𝜃

(𝐿 + 1)(1− 𝜃2)
+ 3𝜃2

2(𝐿 + 1)2(1− 𝜃2)2 +𝑂
(

1
(𝐿 + 1)3

))
.

Then, by Taylor expansion, we have

𝐺

(
𝛿𝐸
𝛿𝑇

𝑧𝛽

)
=𝐺 (𝑧∞) +𝐺′(𝑧∞)

(
𝛿𝐸
𝛿𝑇

𝑧𝛽 − 𝑧∞

)
+ 1

2
𝐺′′(𝑧∞)

(
𝛿𝐸
𝛿𝑇

𝑧𝛽 − 𝑧∞

)2
+𝑂

((
𝛿𝐸
𝛿𝑇

𝑧𝛽 − 𝑧∞

)3
)

=𝐺 (𝑧∞) +
𝜃𝑧∞

(
Φ(𝑧∞) −Φ(𝑧𝛽)

)
(𝐿 + 1)(1− 𝜃2)

+
𝜃2𝑧∞

(
3Φ(𝑧∞) − 3Φ(𝑧𝛽) + 𝑧∞𝜙(𝑧∞)

)
2(𝐿 + 1)2(1− 𝜃2)2 +𝑂

(
1

(𝐿 + 1)3

)
,

which implies that

𝑔(𝜃, 𝐿, 𝛽) = 𝐺 (𝑧∞)
𝜙(𝑧𝛽)

+
𝜃𝑧∞

(
Φ(𝑧∞) −Φ(𝑧𝛽)

)
𝜙(𝑧𝛽) (𝐿 + 1) (1− 𝜃2)

+
𝜃2𝑧∞

(
3Φ(𝑧∞) − 3Φ(𝑧𝛽) + 𝑧∞𝜙(𝑧∞)

)
2𝜙(𝑧𝛽)(𝐿 + 1)2(1− 𝜃2)2 +𝑂

(
1

(𝐿 + 1)3

)
.

Similar to the proof for 𝑓 (𝜃, 𝐿), we have lim𝐿→∞ 𝑔(𝜃, 𝐿, 𝛽) = 𝐺 (𝑧∞)/𝜙(𝑧𝛽) and the monotonicity of

𝑔(𝜃, 𝐿, 𝛽) regarding 𝐿 depends on the sign of
(
Φ(𝑧∞) −Φ(𝑧𝛽)

)
𝜃. If 𝜃 ∈ (−1,0), we have Φ(𝑧∞) −Φ(𝑧𝛽) ≥ 0

and 𝜃 ≤ 0, implying
(
Φ(𝑧∞) −Φ(𝑧𝛽)

)
𝜃 ≤ 0; if 𝜃 ∈ (0,1), we have Φ(𝑧∞) − Φ(𝑧𝛽) ≤ 0 and 𝜃 ≥ 0, imply-

ing
(
Φ(𝑧∞) −Φ(𝑧𝛽)

)
𝜃 ≤ 0. Since

(
Φ(𝑧∞) −Φ(𝑧𝛽)

)
𝜃 ≤ 0 for any 𝜃 ∈ (−1,1), we can deduce that 𝑔(𝜃, 𝐿, 𝛽)

increases in 𝐿 when 𝐿 is sufficiently large. □

The following theorem establishes the monotonicity of the competitive ratio with respect to 𝐿; Figure 1

provides an illustration. We say that a function ℎ(𝑥) eventually increases in 𝑥 (eventually decreases, resp.) if

there exists a constant 𝑥0 ∈ R such that ℎ(·) is increasing (decreasing, resp.) on [𝑥0,∞).
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Figure 1 Competitive ratio 𝜌(𝜃, 𝐿, 𝛽) as functions of 𝐿 when ℎ = 1, 𝑏 = 3, and 𝜃 ∈ {−0.95,0.95}.

THEOREM 1 (Impact of Lead Time 𝐿). There exists a constant 𝜃 ∈ (−1,1) such that:
(i) For any given 𝜃 ∈ (−1, 𝜃), 𝜌(𝜃, 𝐿, 𝛽) eventually increases in 𝐿;
(ii) For any given 𝜃 ∈ (𝜃,1), 𝜌(𝜃, 𝐿, 𝛽) eventually decreases in 𝐿.
Moreover, the threshold satisfies 𝜃 < 0 if 𝑧𝛽 < 1/

√
2, 𝜃 = 0 if 𝑧𝛽 = 1/

√
2, and 𝜃 > 0 if 𝑧𝛽 > 1/

√
2.

Theorem 1 shows that as 𝐿 increases, the misspecification loss tends to be mitigated when 𝜃 > 𝜃 and

amplified when 𝜃 < 𝜃. The direction is determined by which of the two countervailing factors dominates:

the information factor decreases in 𝐿 while the correlation factor increases in 𝐿.

When correlation is sufficiently negative, the impacts of 𝐷𝑡−1 on different periods offsets and hence

V[Δ𝑡 ,𝐿] −V[Δ𝑡 ,𝐿 | 𝒔𝑡 ] =V
[∑𝐿+1

ℓ=1 𝜃ℓ (𝐷𝑡−1 − 𝜇)
]

is relatively small, resulting in a minuscule information fac-

tor. At the same time, the misspecified model ignores the strong mean-reversion pattern in demand and hence

the corresponding variance estimationV[Δ̂𝑡 ,𝐿] is far from the real valueV[Δ𝑡 ,𝐿], leading to a significant cor-

relation factor. The correlation factor therefore dominates, and 𝜌(𝜃, 𝐿, 𝛽) increases in 𝐿. When correlation is

sufficiently positive, the impacts of 𝐷𝑡−1 on different periods accumulates and hence V[Δ𝑡 ,𝐿] −V[Δ𝑡 ,𝐿 | 𝒔𝑡 ]
is relatively large, making the information factor significant. Meanwhile, the demand process reinforces in

the same direction and hence the variance estimation V[Δ̂𝑡 ,𝐿] does not deviate from V[Δ𝑡 ,𝐿] too much, so

the correlation factor is negligible. The information factor therefore dominates, and 𝜌(𝜃, 𝐿, 𝛽) eventually

decreases in 𝐿.

One might expect 𝜃 = 0 to always hold, i.e., that zero correlation is the natural dividing line between the

two regimes. Theorem 1 reveals, however, that this boundary is shifted by 𝑧𝛽. When the backlog penalty is

high (i.e., 𝑧𝛽 > 1/
√

2), since positive correlation induces systematic understocking (i.e., 𝑞∗𝑡 ≥ 𝑞∗𝑡 for 𝜃 > 0),

which incurs large backlog costs. This additional penalty weakens the relative importance of the information

factor, so a strictly positive threshold 𝜃 > 0 is required before increasing 𝐿 begins to mitigate misspecification

loss.
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Proof of Theorem 1. According to Proposition 1, we have

𝜌(𝜃, 𝐿, 𝛽) = 𝑓 (𝜃, 𝐿) · 𝑔(𝜃, 𝐿, 𝛽) = 𝐺 (𝑧∞)
𝜙(𝑧𝛽)

+
𝜃2𝐺 (𝑧∞) + 2𝜃𝑧∞

(
Φ(𝑧∞) −Φ(𝑧𝛽)

)
2𝜙(𝑧𝛽) (1− 𝜃2) (𝐿 + 1)

+ 𝑐1(𝜃, 𝛽)
(𝐿 + 1)2 +𝑂

(
1

(𝐿 + 1)3

)
,

where 𝑐1(𝜃, 𝛽) is a term independent of 𝐿 and its explicit expression is omitted. Then, we have

𝜌(𝜃, 𝐿 + 1, 𝛽) − 𝜌(𝜃, 𝐿, 𝛽) = −
𝜃2𝐺 (𝑧∞) + 2𝜃𝑧∞

(
Φ(𝑧∞) −Φ(𝑧𝛽)

)
2𝜙(𝑧𝛽) (1− 𝜃2)𝐿 (𝐿 + 1)

+𝑂
(

1
(𝐿 + 1)3

)
.

In the following, we analyze the sign of the following function

𝐻 (𝜃) := 𝜃2𝐺 (𝑧∞) + 2𝜃𝑧∞
(
Φ(𝑧∞) −Φ(𝑧𝛽)

)
= 𝜃2𝜙(𝑧∞) + (𝜃 + 2)𝜃𝑧∞

(
Φ (𝑧∞) −Φ(𝑧𝛽)

)
.

If 𝐻 (𝜃) > 0, then 𝜌(𝜃, 𝐿, 𝛽) decreases in 𝐿 when 𝐿 is sufficiently large; if 𝐻 (𝜃) < 0, then 𝜌(𝜃, 𝐿, 𝛽) increases

in 𝐿 when 𝐿 is sufficiently large.

We first analyze the zero roots of the function 𝐻 (𝜃). First, we reparametrize 𝐻 (𝜃) by defining 𝑢 = 𝑧∞ and

replacing 𝜃 with
𝑧2
𝛽−𝑢

2

𝑧2
𝛽+𝑢2 . There exists a one-to-one mapping between 𝑢 and 𝜃, and 𝑢 = 𝑧𝛽 corresponds to 𝜃 = 0.

Thus, we can focus on the solutions to the following equation:

𝑧2
𝛽 − 𝑢2

𝑧2
𝛽 + 𝑢2

𝜙(𝑢) +
3𝑧2

𝛽 + 𝑢2

𝑧2
𝛽 + 𝑢2

𝑢(Φ(𝑢) −Φ(𝑧𝛽)) = 0,

which is equivalent to

Φ(𝑢) −Φ(𝑧𝛽)
𝜙(𝑢) =

𝑢2 − 𝑧2
𝛽

𝑢(3𝑧2
𝛽 + 𝑢2)

.

We define

𝐿 (𝑢) :=
Φ(𝑢) −Φ(𝑧𝛽)

𝜙(𝑢) 𝑅(𝑢) :=
𝑢2 − 𝑧2

𝛽

𝑢(3𝑧2
𝛽 + 𝑢2)

,

and we have 𝐿 (𝑧𝛽) = 𝑅(𝑧𝛽). We will prove that if 𝑢 ≠ 𝑧𝛽, then 𝐿 (𝑢) = 𝑅(𝑢) has at most one zero root.

Then, we compute the gradient of 𝑇 (𝑢) := 𝑒−𝑢
2/2(𝐿 (𝑢) − 𝑅(𝑢)) as follows:

𝑇 ′(𝑢) = 𝑒−𝑢
2/2 (𝐿′(𝑢) − 𝑅′(𝑢) − 𝑢𝐿 (𝑢) + 𝑢𝑅(𝑢))

= 𝑒−𝑢
2/2 (1+ 𝑢𝑅(𝑢) − 𝑅′(𝑢))

=
2𝑢6 + (8𝑧2

𝛽 + 1)𝑢4 + 6𝑧2
𝛽 (𝑧2

𝛽 − 1)𝑢2 − 3𝑧4
𝛽

𝑒𝑢
2/2𝑢2(𝑢2 + 3𝑧2

𝛽)2
.

Since the denominator 𝑒𝑢2/2𝑢2(𝑢2 +3𝑧2
𝛽)2 is positive, we focus on the numerator and define the following

function:

𝑃(𝑠) = 2𝑠3 + (8𝑧2
𝛽 + 1)𝑠2 + 6𝑧2

𝛽 (𝑧2
𝛽 − 1)𝑠 − 3𝑧4

𝛽 .
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Since 𝑃′′(𝑠) = 12𝑠 + 16𝑧2
𝛽 + 2 > 0, 𝑃(0) = −3𝑧4

𝛽 < 0, and lim𝑠→∞ 𝑃(𝑠) = +∞, we can deduce that 𝑃(𝑠)
is strictly convex in 𝑠 and changes sign exactly once on (0,∞). Therefore, there exists a constant 𝑐2, such

that 𝑇 ′(𝑢) ≤ 0 when 𝑢 ∈ (0, 𝑐2) and 𝑇 ′(𝑢) ≥ 0 when 𝑢 ∈ (𝑐2,∞). Therefore, 𝑇 (𝑢) has at most two zero roots

(denoted by (𝑢1, 𝑢2)), and one of them is 𝑢 = 𝑧𝛽.

For the root 𝑢1 = 𝑧𝛽, we have 𝑃(𝑧2
𝛽) = 8𝑧4

𝛽 (2𝑧2
𝛽−1) and hence sign(𝑇 ′(𝑧𝛽)) = sign(𝑃(𝑧2

𝛽)) = sign(2𝑧2
𝛽−1).

Then, we analyze the zero root 𝑢2 ≠ 𝑧𝛽 under different 𝑧𝛽:

1. If 𝑧𝛽 = 1/
√

2, we have 𝑇 ′(𝑧𝛽) = 0 and hence 𝑢2 = 𝑢1 = 𝑧𝛽.

2. If 𝑧𝛽 < 1/
√

2, we have 𝑇 ′(𝑧𝛽) < 0, which implies that 𝑢2 > 𝑧𝛽 and the corresponding 𝜃 is 𝜃2 < 0.

3. If 𝑧𝛽 > 1/
√

2, we have 𝑇 ′(𝑧𝛽) > 0, which implies that 𝑢2 < 𝑧𝛽 and the corresponding 𝜃 is 𝜃2 > 0.

Lastly, we analyze the sign of 𝐻 (𝜃). Before proceeding, we first clarify several terms:

lim
𝜃→−1

𝐻 (𝜃) = −∞ < 0, 𝐻 (1) = 1
2
> 0, 𝐻 (0) = 0, 𝐻′(0) = 0, 𝐻′′(0) = 2(1− 2𝑧2

𝛽)𝜙(𝑧𝛽).

Then, we consider three cases based on the value of 𝑧𝛽:

1. If 𝑧𝛽 = 1/
√

2, then 𝐻 (𝜃) = 0 only has one zero root 𝜃 = 0. Since 𝐻 (−1) < 0 and 𝐻 (1) > 0, we can

deduce that 𝐻 (𝜃) < 0 when 𝜃 ∈ (−1,0) and 𝐻 (𝜃) > 0 when 𝜃 ∈ (0,1).
2. If 𝑧𝛽 < 1/

√
2, then 𝐻 (𝜃) = 0 has two zero roots 𝜃1 = 0 and 𝜃2 < 0. Since 𝐻 (0) = 0, 𝐻′(0) = 0, and

𝐻′′(0) > 0, we can deduce that 𝐻 (𝜃) is positive around 𝜃 = 0. Thus, 𝐻 (𝜃) changes the sign if and only

if 𝜃 = 𝜃2. Therefore, 𝐻 (𝜃) < 0 for 𝜃 ∈ (−1, 𝜃2) and 𝐻 (𝜃) > 0 for 𝜃 ∈ (𝜃2,1).
3. If 𝑧𝛽 > 1/

√
2, then 𝐻 (𝜃) = 0 has two zero roots 𝜃1 = 0 and 𝜃2 > 0. Since 𝐻 (0) = 0, 𝐻′(0) = 0, and

𝐻′′(0) < 0, we can deduce that 𝐻 (𝜃) is negative around 𝜃 = 0. Similarly, we have 𝐻 (𝜃) < 0 for 𝜃 ∈
(−1, 𝜃2) and 𝐻 (𝜃) > 0 for 𝜃 ∈ (𝜃2,1).

Above all, there exists a constant 𝜃 such that 𝐻 (𝜃) < 0 for 𝜃 ∈ (−1, 𝜃) and 𝐻 (𝜃) > 0 for 𝜃 ∈ (𝜃,1). There-

fore, if 𝜃 ∈ (−1, 𝜃), then 𝜌(𝜃, 𝐿, 𝛽) increases in 𝐿 when 𝐿 is sufficiently large; if 𝜃 ∈ (𝜃,1), then 𝜌(𝜃, 𝐿, 𝛽)
decreases in 𝐿 when 𝐿 is sufficiently large. Moreover, as for the threshold 𝜃, we have 𝜃 < 0 if 𝑧𝛽 < 1/

√
2,

𝜃 > 0 if 𝑧𝛽 > 1/
√

2, and 𝜃 = 0 if 𝑧𝛽 = 1/
√

2. □

4.2. Impact of Correlation Coefficient 𝜃

We now analyze how the competitive ratio varies with 𝜃. To obtain clean analytical results, we focus on the

limiting regime 𝐿→∞, in which Proposition 1 gives 𝑓 (𝜃, 𝐿) → 1 and the competitive ratio converges to

Γ(𝜃, 𝛽) := lim
𝐿→∞

𝜌(𝜃, 𝐿, 𝛽) =
𝜙(𝑧∞) + 𝑧∞

(
Φ(𝑧∞) −Φ(𝑧𝛽)

)
𝜙(𝑧𝛽)

.

The following proposition characterizes how Γ(𝜃, 𝛽) varies with 𝜃; Figure 2a illustrates the result, and Fig-

ure 2b shows that the same qualitative behavior holds under finite lead times.
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Figure 2 Competitive ratios Γ(𝜃, 𝛽) and 𝜌(𝜃, 𝐿, 𝛽) as functions of 𝜃 when ℎ = 1 and 𝑏 = 3.

PROPOSITION 2. Γ(𝜃, 𝛽) is decreasing in 𝜃 for 𝜃 < 0 and increasing in 𝜃 for 𝜃 ≥ 0, attaining its minimum at
𝜃 = 0. Moreover,

lim
𝜃→−1

Γ(𝜃, 𝛽) = +∞, lim
𝜃→1

Γ(𝜃, 𝛽) = 𝜙(0)/𝜙(𝑧𝛽).

Proposition 2 shows that the limiting competitive ratio Γ(𝜃, 𝛽) is U-shaped in 𝜃, increasing in |𝜃 |: stronger

correlation in either direction leads to greater misspecification loss. Figure 2b confirms that this pattern

persists under finite lead times.

Proof of Proposition 2. We compute the gradient of Γ(𝜃, 𝛽) as follows:

𝜕

𝜕𝜃
Γ(𝜃, 𝛽) =

𝑧𝛽

𝜙(𝑧𝛽)
(
Φ(𝑧∞) −Φ(𝑧𝛽)

) (
− 1√

(1+ 𝜃)3(1− 𝜃)

)
.

When 𝜃 < 0, we have 𝜕
𝜕𝜃 Γ(𝜃, 𝛽) ≤ 0 and hence Γ(𝜃, 𝛽) decreases in 𝜃; when 𝜃 > 0, we have 𝜕

𝜕𝜃 Γ(𝜃, 𝛽) ≥ 0

and hence Γ(𝜃, 𝛽) increases in 𝜃.

Then, we analyze the limits. As 𝜃 tends to −1, we have 𝑧∞ →∞, and hence

lim
𝜃→−1

Γ(𝜃, 𝛽) =
𝑧∞(1−Φ(𝑧𝛽))

𝜙(𝑧𝛽)
=∞.

As 𝜃 tends to 1, we have 𝑧∞ → 0, and hence lim𝜃→1 Γ(𝜃, 𝛽) = 𝜙 (0)
𝜙 (𝑧𝛽 ) .

In the following theorem, we compare the misspecification loss under positive and negative correlations.

To this end, we define 𝜉 ( |𝜃 |, 𝐿, 𝛽) := 𝜌( |𝜃 |, 𝐿, 𝛽)/𝜌(−|𝜃 |, 𝐿, 𝛽). Figure 3 illustrates how 𝜉 varies with |𝜃 |.

THEOREM 2 (Impact of Correlation Sign). There exists a constant 𝜅 ∈ [0,1) such that
(i) For any 𝜃 ∈ (0, 𝜅), there exists ℓ(𝜃) satisfying 𝜌(𝜃, 𝐿, 𝛽) ≥ 𝜌(−𝜃, 𝐿, 𝛽) for 𝐿 ≥ ℓ(𝜃).
(ii) For any 𝜃 ∈ (𝜅,1), there exists ℓ(𝜃) satisfying 𝜌(𝜃, 𝐿, 𝛽) ≤ 𝜌(−𝜃, 𝐿, 𝛽) for 𝐿 ≥ ℓ(𝜃).
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Figure 3 𝜉 ( |𝜃 |, 𝐿, 𝛽) as a function of |𝜃 | when ℎ = 1, 𝑏 ∈ {10,30} and 𝐿 = 50.

Moreover, 𝜅 = 0 when 𝑧𝛽 ≤
√

3 and 𝜅 > 0 when 𝑧𝛽 >
√

3.

Theorem 2 and Figure 3 show that positive correlation is more costly than negative correlation when |𝜃 | is
small, while this ordering reverses when |𝜃 | is large. Moreover, the first region disappears when the backlog

penalty is low. This has a practical implication: when the correlation level is small (large, resp.), sellers

should be more cautious about model misspecification if demand is positively (negatively, resp.) correlated.

Furthermore, when the backlog penalty 𝑏 is low (i.e., 𝑧𝛽 ≤
√

3, so that 𝜅 = 0), positive correlation is always

more costly than negative correlation, regardless of |𝜃 |.
To understand the intuition, consider the limiting case 𝐿 → ∞, where the information factor vanishes

and only the correlation factor remains. When |𝜃 | is large, the correlation factor dominates under negative

correlation, because the strong mean-reversion pattern induces a far more inaccurate variance estimator

V[Δ̂𝑡 ,𝐿]. When |𝜃 | is small and 𝑏 is high, however, the correlation factor is more significant under positive

correlation: even a modest positive correlation causes systematic understocking (i.e., 𝑞∗𝑡 ≥ 𝑞∗𝑡 ), which is

heavily penalized by a large backlog cost.

Proof of Theorem 2. According to Proposition 1, we have lim𝐿→∞ 𝑓 (𝜃, 𝐿) = 1 and lim𝐿→∞ 𝑔(𝜃, 𝐿, 𝛽) =
𝐺 (𝑧∞)/𝜙(𝑧𝛽). For any 𝜃 ∈ (0,1), we can derive the following limit:

lim
𝐿→∞

𝜌(𝜃, 𝐿, 𝛽)
𝜌(−𝜃, 𝐿, 𝛽) =

𝐺

(
𝑧𝛽

√
1−𝜃
1+𝜃

)
𝐺

(
𝑧𝛽

√
1+𝜃
1−𝜃

) .
Therefore, it is sufficient to analyze the sign of 𝐺

(
𝑧𝛽

√
1−𝜃
1+𝜃

)
−𝐺

(
𝑧𝛽

√
1+𝜃
1−𝜃

)
.

We define 𝐹 (𝑠) :=𝐺 (𝑒−𝑠𝑧𝛽) −𝐺 (𝑒𝑠𝑧𝛽) and will analyze its property for 𝑠 ∈ (0,∞). First, we have

𝐹 (𝑠) = 0 ⇔ 𝜙(𝑒−𝑠𝑧𝛽) + 𝑒−𝑠𝑧𝛽
(
Φ(𝑒−𝑠𝑧𝛽) −Φ(𝑧𝛽)

)
= 𝜙(𝑒𝑠𝑧𝛽) + 𝑒𝑠𝑧𝛽

(
Φ(𝑒𝑠𝑧𝛽) −Φ(𝑧𝛽)

)
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⇔ Φ(𝑧𝛽) =
𝜙(𝑒−𝑠𝑧𝛽) + 𝑒−𝑠𝑧𝛽Φ(𝑒−𝑠𝑧𝛽) − 𝜙(𝑒𝑠𝑧𝛽) − 𝑒𝑠𝑧𝛽Φ(𝑒𝑠𝑧𝛽)

𝑒−𝑠𝑧𝛽 − 𝑒𝑠𝑧𝛽
=:𝑄(𝑠).

Furthermore, we have 𝐹 (𝑠) = (𝑒𝑠𝑧𝛽−𝑒−𝑠𝑧𝛽)
(
Φ(𝑧𝛽) −𝑄(𝑠)

)
= (𝑒𝑠𝑧𝛽−𝑒−𝑠𝑧𝛽) (𝛽−𝑄(𝑠)). Then, we analyze

the property of 𝑄(𝑠).

First, since 𝜙′(𝑥) = −𝑥𝜙(𝑥), we can compute the gradient of 𝑄(𝑠) as follows:

𝑄′(𝑠) =
𝑧𝛽(

𝑒−𝑠𝑧𝛽 − 𝑒𝑠𝑧𝛽
)2

(
(𝑒−𝑠 + 𝑒𝑠) [𝜙(𝑒−𝑠𝑧𝛽) − 𝜙(𝑒𝑠𝑧𝛽)] − 2𝑧𝛽 [Φ(𝑒𝑠𝑧𝛽) −Φ(𝑒−𝑠𝑧𝛽)]

)
.

Then, we define

𝑀 (𝑠) := (𝑒−𝑠 + 𝑒𝑠) [𝜙(𝑒−𝑠𝑧𝛽) − 𝜙(𝑒𝑠𝑧𝛽)] − 2𝑧𝛽 [Φ(𝑒𝑠𝑧𝛽) −Φ(𝑒−𝑠𝑧𝛽)],

whose gradient can be computed as follows:

𝑀 ′(𝑠) = (𝑒𝑠 − 𝑒−𝑠)
[(

1− 𝑒−2𝑠𝑧2
𝛽

)
𝜙

(
𝑒−𝑠𝑧𝛽

)
−

(
1− 𝑒2𝑠𝑧2

𝛽

)
𝜙

(
𝑒𝑠𝑧𝛽

) ]
.

If 𝑧𝛽 ≤ 1 or 𝑠 > log 𝑧𝛽, then 𝑀 ′(𝑠) > 0. In the following, we analyze the case with 𝑧𝛽 > 1 and 𝑠 ∈ (0, log 𝑧𝛽).
In this case, we can deduce that 𝑒𝑠𝑧𝛽 > 𝑒−𝑠𝑧𝛽 > 1 and

𝑀 ′(𝑠) = 0 ⇔
𝑒2𝑠𝑧2

𝛽 − 1

𝑒−2𝑠𝑧2
𝛽 − 1

=
𝜙(𝑒−𝑠𝑧𝛽)
𝜙(𝑒𝑠𝑧𝛽)

= 𝑒
𝑒2𝑠 𝑧2

𝛽
−𝑒−2𝑠 𝑧2

𝛽
2

⇔ log
(
𝑒2𝑠𝑧2

𝛽 − 1
)
− log

(
𝑒−2𝑠𝑧2

𝛽 − 1
)
−
𝑒2𝑠𝑧2

𝛽 − 𝑒−2𝑠𝑧2
𝛽

2
= 0

⇔ 𝑁 (𝑥) := log(𝑥𝑧2
𝛽 − 1) − log(𝑧2

𝛽/𝑥 − 1) −
𝑧2
𝛽𝑥 − 𝑧2

𝛽/𝑥
2

= 0, with 𝑥 = 𝑒2𝑠 ∈ (1, 𝑧2
𝛽).

Furthermore, we have 𝑀 ′(𝑠) = (𝑒𝑠 − 𝑒−𝑠)(𝑒−2𝑠𝑧2
𝛽 − 1)𝜙(𝑒−𝑠𝑧𝛽)

(
𝑒𝑁 (𝑒2𝑠 ) − 1

)
, so sign[𝑀 ′(𝑠)] =

sign[𝑁 (𝑒2𝑠)] for 𝑠 ∈ (0, log 𝑧𝛽).

Then, we compute the gradient of 𝑁 (𝑥) as follows:

𝑁 ′(𝑥) =
𝑧2
𝛽

2𝑥2(𝑧2
𝛽𝑥 − 1) (𝑧2

𝛽 − 𝑥)

(
−3𝑥(1+ 𝑥2) + (𝑥4 + 6𝑥2 + 1)𝑧2

𝛽 − (𝑥3 + 𝑥)𝑧4
𝛽

)
.

Thus, the sign of 𝑁 ′(𝑥) is the same as
(
−3𝑥(1+ 𝑥2) + (𝑥4 + 6𝑥2 + 1)𝑧2

𝛽 − (𝑥3 + 𝑥)𝑧4
𝛽

)
. By some algebra, we

can derive the following results:

1. If 𝑧𝛽 ∈ (1,
√

3], then 𝑁 ′(𝑥) ≥ 0 for 𝑥 ∈ (1, 𝑧2
𝛽). Since 𝑁 (1) = 0, we have 𝑁 (𝑥) ≥ 0 for 𝑥 ∈ (1, 𝑧2

𝛽) and

hence 𝑀 ′(𝑠) ≥ 0 for 𝑠 ∈ (0, log 𝑧𝛽).
2. If 𝑧𝛽 ∈ (

√
3,∞), then there exists a constant 𝜅1 ∈ (1, 𝑧2

𝛽) such that 𝑁 ′(𝑥) < 0 for 𝑥 ∈ (1, 𝜅1) and 𝑁 ′(𝑥) ≥ 0

for 𝑥 ∈ [𝜅1, 𝑧
2
𝛽). Since 𝑁 (1) = 0 and 𝑁 (𝑧2

𝛽) = +∞, we can deduce that there exists a constant 𝜅2 ∈ (1, 𝑧2
𝛽)

such that 𝑁 (𝑥) < 0 for 𝑥 ∈ (1, 𝜅2) and 𝑁 (𝑥) ≥ 0 for 𝑥 ∈ [𝜅2, 𝑧
2
𝛽). Thus, 𝑀 ′(𝑠) < 0 for 𝑠 ∈ (0, 1

2 log 𝜅2)
and 𝑀 ′(𝑠) ≥ 0 for 𝑠 ∈ [ 1

2 log 𝜅2, log 𝑧𝛽).
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Then, we are ready to analyze the property of 𝐹 (𝑠).
1. If 𝑧𝛽 ∈ (0,

√
3], we have 𝑀 ′(𝑠) ≥ 0 for 𝑠 > 0, implying that 𝑀 (𝑠) always increases in 𝑠. Since 𝑀 (0) = 0,

we have 𝑀 (𝑠) ≥ 0 and hence 𝑄′(𝑠) ≥ 0 for 𝑠 > 0. Therefore, we have 𝛽 −𝑄(𝑠) ≤ 𝛽 − lim𝑡→0𝑄(𝑡) = 0

and hence 𝐹 (𝑠) ≤ 0.

2. If 𝑧𝛽 ∈ (
√

3,∞), we have 𝑀 ′(𝑠) < 0 for 𝑠 ∈ (0, 1
2 log 𝜅2) and 𝑀 ′(𝑠) > 0 for 𝑠 ∈ [ 1

2 log 𝜅2,∞), implying

that 𝑀 (𝑠) first decreases and then increases. Since 𝑀 (0) = 0 and 𝑀 (∞) = +∞, we can deduce that 𝑀 (𝑠)
(and hence 𝑄′(𝑠)) is first negative and then positive as 𝑠 increases, such that 𝛽 −𝑄(𝑠) first increases

and then decreases. Therefore, there exists a threshold 𝜅3 ∈ (0,∞) such that 𝐹 (𝑠) > 0 for 𝑠 ∈ (0, 𝜅3) and

𝐹 (𝑠) ≤ 0 for 𝑠 ∈ [𝜅3,∞).
Since there exists an one-to-one mapping between 𝑠 and 𝜃 such that 𝑒−𝑠 =

√
(1− 𝜃)/(1+ 𝜃), we can deduce

that there exists a constant 𝜅 ∈ [0,1) such that

1. For 𝜃 ∈ (0, 𝜅), we have lim𝐿→∞
𝜌(𝜃,𝐿,𝛽)
𝜌(−𝜃,𝐿,𝛽) > 1.

2. For 𝜃 ∈ [𝜅, 1), we have lim𝐿→∞
𝜌(𝜃,𝐿,𝛽)
𝜌(−𝜃,𝐿,𝛽) ≤ 1.

Moreover, we have 𝜅 = 0 when 𝑧𝛽 ≤
√

3 and 𝜅 > 0 when 𝑧𝛽 >
√

3. □

4.3. Impact of Backlog Penalty 𝑏

We now investigate how the competitive ratio varies with the backlog penalty 𝑏. The following theorem

establishes monotonicity in 𝑏 and characterizes the limiting behavior as 𝑏→∞; Figure 4 provides an illus-

tration.

THEOREM 3 (Impact of Backlog Penalty 𝑏). Recall that 𝛽 = 𝑏/(ℎ + 𝑏). We have:

(i) 𝜌(𝜃, 𝐿, 𝛽) is increasing in 𝑏.

(ii) As 𝑏→∞ (equivalently, 𝛽→ 1),

lim
𝑏→∞

𝜌(𝜃, 𝐿, 𝛽) =


(1− 𝜃)
√
𝐿 + 1√

(𝐿 + 1)(1− 𝜃2) − 2𝜃 (1− 𝜃𝐿+1) − (𝜃 − 𝜃𝐿+2)2
𝜃 ∈ (−1,0],

+∞ 𝜃 ∈ (0,1).

Theorem 3 and Figure 4 show that the misspecification loss increases in 𝑏: as the penalty for unmet

demand grows, the cost of ignoring the correlation of future demands becomes more severe. In the limit

𝑏 →∞, the competitive ratio remains finite under negative correlation but diverges under positive correla-

tion. Since 𝑓 (𝜃, 𝐿) is independent of 𝑏, this asymmetry is driven entirely by the correlation factor. Under

positive correlation, the misspecified policy systematically understocks (𝑞∗𝑡 ≥ 𝑞∗𝑡 ), so every stockout incurs

the large backlog penalty 𝑏, causing the cost ratio to grow without bound. Under negative correlation, the

misspecified policy systematically overstocks (𝑞∗𝑡 ≤ 𝑞∗𝑡 ), so stockouts become increasingly rare as 𝑏 → ∞
and the competitive ratio converges to a finite limit.
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Figure 4 𝜌(𝜃, 𝐿, 𝛽) as a function of 𝑏 when ℎ = 1, 𝜃 ∈ {−0.8,0.8} and 𝐿 = 10.

Proof of Theorem 3. Recall that 𝛽 = 𝑏/(ℎ+ 𝑏) and 𝜌(𝜃, 𝐿, 𝛽) = 𝑓 (𝜃, 𝐿) · 𝑔(𝜃, 𝐿, 𝛽). It suffices to analyze the

property regarding 𝛽. Since 𝑓 (𝜃, 𝐿) is independent of 𝛽, we only focus on 𝑔(𝜃, 𝐿, 𝛽), which can be rewritten

as follows:

𝑔(𝜃, 𝐿, 𝛽) =
𝜙(𝑐3𝑧𝛽) + 𝑐3𝑧𝛽 (Φ(𝑐3𝑧𝛽) −Φ(𝑧𝛽))

𝜙(𝑧𝛽)
,

where 𝑐3 = 𝛿𝐸/𝛿𝑇 is independent of 𝛽. Since 𝑧𝛽 increases in 𝛽, it suffices to show that 𝑔(𝜃, 𝐿, 𝛽) increases

in 𝑧𝛽. We compute its gradient as follows:

𝜕

𝜕𝑧𝛽
𝑔(𝜃, 𝐿, 𝛽) = 1

𝜙(𝑧𝛽)
(
𝑐3(1+ 𝑧2

𝛽) (Φ(𝑐3𝑧𝛽) −Φ(𝑧𝛽)) + 𝑧𝛽𝜙(𝑐3𝑧𝛽) − 𝑐3𝑧𝛽𝜙(𝑧𝛽)
)

=
1

𝜙(𝑧𝛽)

(
𝑐3(1+ 𝑧2

𝛽)
∫ 𝑐3𝑧𝛽

𝑧𝛽

𝜙(𝑢)𝑑𝑢 + 𝑐3𝑧
2
𝛽

∫ 𝑐3𝑧𝛽

𝑧𝛽

−𝑤2𝜙(𝑤) − 𝜙(𝑤)
𝑤2 𝑑𝑤

)
=

𝑐3

𝜙(𝑧𝛽)

∫ 𝑐3𝑧𝛽

𝑧𝛽

𝑢2 − 𝑧2
𝛽

𝑢2 𝜙(𝑢)𝑑𝑢.

When 𝑐3 ≤ 1, since 𝑐3𝑧𝛽 ≤ 𝑧𝛽 and 𝑢2− 𝑧2
𝛽 ≤ 0 for 𝑢 ∈ [𝑐3𝑧𝛽 , 𝑧𝛽], we can deduce that 𝜕

𝜕𝑧𝛽
𝑔(𝜃, 𝐿, 𝛽) ≥ 0; when

𝑐3 ≥ 1, since 𝑐3𝑧𝛽 ≥ 𝑧𝛽 and 𝑢2 − 𝑧2
𝛽 ≥ 0 for 𝑢 ∈ [𝑧𝛽 , 𝑐3𝑧𝛽], we can deduce that 𝜕

𝜕𝑧𝛽
𝑔(𝜃, 𝐿, 𝛽) ≥ 0. Therefore,

𝑔(𝜃, 𝐿, 𝛽) increases in 𝑧𝛽, which implies that 𝜌(𝜃, 𝐿, 𝛽) increases in 𝛽.

In the second part, we compute the limiting value of 𝜌(𝜃, 𝐿, 𝛽) as 𝛽→ 1 (i.e., 𝑧𝛽 →∞). Define Φ̄(𝑥) :=

1−Φ(𝑥). Since the information factor 𝑓 (𝜃, 𝐿) is independent of 𝛽, we mainly analyze the limit of 𝑔(𝜃, 𝐿, 𝛽):

lim
𝑏→∞

𝑔(𝜃, 𝐿, 𝛽) = lim
𝑧𝛽→∞

1
𝜙(𝑧𝛽)

(
𝜙(𝑐3𝑧𝛽) + 𝑐3𝑧𝛽 (Φ̄(𝑧𝛽) − Φ̄(𝑐3𝑧𝛽))

)
= lim

𝑧𝛽→∞
1

𝜙(𝑧𝛽)

(
𝜙(𝑐3𝑧𝛽) + 𝑐3𝜙(𝑧𝛽) −

𝜙(𝑧𝛽)
𝑧2
𝛽

+ 𝑜
(
𝜙(𝑧𝛽)
𝑧2
𝛽

)
− 𝜙(𝑐3𝑧𝛽) +

𝜙(𝑐3𝑧𝛽)
𝑐2

3𝑧
2
𝛽

+ 𝑜
(
𝜙(𝑐3𝑧𝛽)
𝑐2

3𝑧
2
𝛽

))
= 𝑐3 + lim

𝑧𝛽→∞

(
𝜙(𝑐3𝑧𝛽)
𝜙(𝑧𝛽)𝑐2

3𝑧
2
𝛽

+ 𝑜
(

𝜙(𝑐3𝑧𝛽)
𝜙(𝑧𝛽)𝑐2

3𝑧
2
𝛽

))
,
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where the second equation is due to the Mills’ ratio (see Mills 1926):

Φ̄(𝑥)
𝜙(𝑥) =

1
𝑥
− 1
𝑥3 + 𝑜

(
1
𝑥3

)
.

According to Lemma 2, we can deduce that 𝑐3 ≥ 1 when 𝜃 ≤ 0 and 𝑐3 < 1 when 𝜃 > 0. Then, we compute

the limiting value in two cases.

Case I: 𝜃 ≤ 0. In this case, since 𝑐3 ≥ 1, we have

lim
𝑧𝛽→∞

𝜙(𝑐3𝑧𝛽)
𝜙(𝑧𝛽)𝑐2

3𝑧
2
𝛽

= lim
𝑧𝛽→∞

𝑒−
1
2 (𝑐2

3−1)𝑧2
𝛽

𝑐2
3𝑧

2
𝛽

= 0,

which implies lim𝛽→1 𝑔(𝜃, 𝐿, 𝛽) = 𝑐3.

Case II: 𝜃 > 0. In this case, since 𝑐3 < 1, we have

lim
𝑧𝛽→∞

𝜙(𝑐3𝑧𝛽)
𝜙(𝑧𝛽)𝑐2

3𝑧
2
𝛽

= lim
𝑧𝛽→∞

𝑒−
1
2 (𝑐2

3−1)𝑧2
𝛽

𝑐2
3𝑧

2
𝛽

=∞,

which implies lim𝛽→1 𝑔(𝜃, 𝐿, 𝛽) =∞.

Above all, the limiting value of 𝜌(𝜃, 𝐿, 𝛽) is

lim
𝑏→∞

𝜌(𝜃, 𝐿, 𝛽) =


(1−𝜃 )
√
𝐿+1√

(𝐿+1) (1−𝜃2 )−2𝜃 (1−𝜃𝐿+1 )−(𝜃−𝜃𝐿+2 )2
𝜃 ∈ (−1,0),

+∞ 𝜃 ∈ (0,1).
□

5. Concluding Remarks
Although the assumption of independent demand is ubiquitous in the inventory management literature, real

demand processes are often serially correlated, and practitioners who ignore this dependence face a misspec-

ification cost that is not well understood. This paper takes a step toward filling this gap by deriving exact,

closed-form expressions for the misspecification loss in a periodic-review system with AR(1) demand, mea-

sured via a competitive ratio. Our analysis reveals that the interplay between lead time and correlation is

more subtle than previously recognized: rather than uniformly worsening performance, a longer lead time

can actually mitigate misspecification loss when demand is positively correlated. Beyond lead time, we find

that misspecification loss is U-shaped in the correlation coefficient, so that stronger dependence in either

direction is more costly to ignore, and that the loss always increases in the backlog penalty, diverging to

infinity under positive correlation but remaining bounded under negative correlation. Together, these results

offer practitioners useful guidance on when the added complexity of explicitly modeling demand correlation

is warranted, and when a simpler i.i.d. approximation carries only a modest cost. While we allow negative

orders for analytical tractability, Appendix A reports numerical experiments with nonnegative order con-

straints, which exhibit similar patterns to Section 4 and confirm the robustness of our results.
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Appendix A: Numerical Experiments

This section presents numerical experiments to test robustness of the analytical results of Section 4. We

consider a practical setting that departs from the base model by imposing a non-negativity constraint on

order quantities, and analyze the misspecification cost of a modified myopic policy in which any negative

order quantity is replaced by zero. In particular, under the true demand model, the order quantity in period

𝑡 is 𝑥∗,+𝑡 = max{𝑥∗𝑡 ,0}, where 𝑥∗𝑡 is computed in Section 3.1, and the corresponding long-run average cost is

denoted by 𝑉∗,+. Similarly, under the misspecified model, the order quantity in period 𝑡 is 𝑥∗,+𝑡 =max{𝑥∗𝑡 ,0},
where 𝑥∗𝑡 is computed in Section 3.2, and the corresponding long-run average cost is denoted by 𝑉̂+. We define

the competitive ratio 𝜌+(𝜃, 𝐿, 𝛽) = 𝑉̂+/𝑉∗,+. Similarly, we define the corresponding function 𝜉+( |𝜃 |, 𝐿, 𝛽) =
𝜌+(|𝜃 |, 𝐿, 𝛽)/𝜌+(−|𝜃 |, 𝐿, 𝛽). We set 𝜇 = 5, 𝜎 = 1, and ℎ = 1. Each data point is computed by averaging over

100 independent sample paths, each consisting of 50,000 periods.

Impact of lead time. Figure 5 plots the simulated competitive ratio 𝜌+(𝜃, 𝐿, 𝛽) as a function of 𝐿 for

𝜃 ∈ {−0.95,0.95}, confirming the monotonicity established in Theorem 1: the ratio increases in 𝐿 under

strong negative correlation and decreases in 𝐿 under strong positive correlation.
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Figure 5 Numerical results: Competitive ratio 𝜌+ (𝜃, 𝐿, 𝛽) as functions of 𝐿 when 𝜇 = 5, 𝜎 = 1, ℎ = 1, 𝑏 = 3, and 𝜃 ∈

{−0.95,0.95}.

Impact of correlation sign. Figure 6 plots the simulated ratio 𝜉+( |𝜃 |, 𝐿, 𝛽) as a function of |𝜃 | for 𝑏 ∈
{10,30}, confirming the threshold structure established in Theorem 2: 𝜉+ exceeds one for small |𝜃 | and falls

below one for large |𝜃 |, with the crossover point shifting as 𝑏 increases.

Impact of backlog penalty. Figure 7 plots the simulated competitive ratio 𝜌+(𝜃, 𝐿, 𝛽) as a function of 𝑏

for 𝜃 ∈ {−0.8,0.8}, confirming the monotonicity established in Theorem 3: the ratio increases in 𝑏 in both

cases, and remains bounded under negative correlation while growing rapidly under positive correlation.

According to Figures 5-7, even if negative order quantities are prohibited, numerical experiments still

support the results in Theorems 1-3.
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Figure 6 Numerical results: 𝜉+ ( |𝜃 |, 𝐿, 𝛽) as a function of |𝜃 | when 𝜇 = 5, 𝜎 = 1, ℎ = 1, 𝑏 ∈ {10,30} and 𝐿 = 50.
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Figure 7 Numerical results: 𝜌+ (𝜃, 𝐿, 𝛽) as a function of 𝑏 when ℎ = 1, 𝜃 ∈ {−0.8,0.8} and 𝐿 = 10.
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