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Problem Definition: We consider two business models for a two-sided economy under uncertainty: dealer-
ship and marketplace with fulfillment services. Although both business models can bridge the gap between
demand and supply, it is not clear which model is better for the firm or for the consumers. Methodolo-
gy /Results: We show that while the two models differ substantially in pricing power, inventory risk, fee
structure, and fulfillment time, both models share several important features, with the revenues earned by
the firm from the two models converging when the markets are thick. We also show that for thick markets
there is a one-to-one mapping between their corresponding optimal policies. Managerial Implications:
Our results provide guidelines for firms entering two-sided markets: when the market is thick, the two busi-
ness models are similar; when the market is thin, they should carefully inspect a number of market conditions

before making the choice.
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1. Introduction

Intermediaries are often needed to facilitate transactions in two-sided markets, which consist of the
supply side (sellers) and the demand side (buyers). There are two common business models for an
intermediary in two-sided markets: dealership and marketplace. A dealer sets bid (ask) prices to
buy from (sell to) the supply (demand) side of the market. The two sides of the market interact
only indirectly through the dealer who runs an inventory. Dealerships have existed for a long time,
especially in the automobile industry. For example, CarMax, a dealer company that buys and resells
used cars, bridges consumers who want to buy used cars and car owners who want to sell used
cars but do not want to deal with the hassle of direct sales. In a marketplace (e.g. retail platforms
eBay, Amazon and Taobao, or ride-sharing platforms such as Uber and Didi), the firm provides a
platform that connects the two sides directly. See, e.g., Parker et al. (2016) and Cusumano et al.

(2019).

*Pin Gao is the corresponding author.
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Background. The two business models seem to be drastically different. For consumers, a dealer
offers immediate fulfillment eliminating waiting costs, but the transaction might cost more relative
to a marketplace; choosing the marketplace might be associated with a tiring process of looking
for counterparties and negotiating prices. From a firm’s perspective, becoming a dealer means
exercising the full pricing power, managing its own inventory and bearing the inventory risk. The

differences between the two models are summarized in Table 1.

Dealership Marketplace
Pricing power The dealer Consumers
Inventory risk Yes No
Revenue source Bid-ask spread Transaction fees

Benefit for consumers Immediate transaction No middle man

Table 1 The differences between dealership and marketplace.

We next argue that the two models are essentially equivalent under a static, deterministic demand
and supply model as illustrated in Figure 1. Point A in Figures (1a) and (1b) is the equilibrium at
which demand and supply intersect in a frictionless market without an intermediary. For a dealer,
with the bid and ask prices represented by E and F' in Figure (1a), the resulting supply and demand
are, respectively, B and C. To make a sustainable business, the prices should be set so that BC' is
horizontal balancing demand and supply. Thus, the earned bid-ask spread is represented by |BC.
In a marketplace (Figure 1b), demand and supply are shifted horizontally by the transaction fees
charged from both sides, ¢, for the sellers and ¢, for the buyers. Thus point D is the equilibrium in
the marketplace. The firm’s earned fee is ¢, + ¢, = |BC| per transaction. The associated quantity
is the y value of D, or equivalently that of B or C'. This demonstrates a one-to-one correspondence
between the policies of the two models. Moreover, since the matched demand and supply in both
business models are the y value of B or C, the total profit/revenue is represented by the area of
the rectangle formed by BCEF. As a result, both models aim to maximize the same target in the
static versions of the two models.

A natural question arises: if the revenues of the two business models are comparable under a
static model, why is one particular business model preferred under certain market conditions? For
example, according to a market survey of the luxury market,! the market share of second-hand
luxury goods is well above 20% in developed countries such as Japan, U.S., and France. In those
markets, consumers have seen the coexistence of dealership and marketplace in the secondary

market. In developing countries like China, the market share is only 2% and the dealership model

! http://baogao.chinabaogao. com/baihuo/392626392626 . html
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Figure 1 The fundamental connection between the dealership and the marketplace.

is dominant. The thickness of the market seems to play a role. As another example, Gautier et al.
(2023) empirically find that Amazon is more likely to sell products as a middleman (dealer) when
the market size of the demand side is relatively large. The market composition of buyers and
sellers seems to affect the adoption of business models. Third, haoche51, a Chinese online platform
for used cars, started in 2014 as a marketplace to match sellers and buyers directly, and later
transformed into a model that is more similar to dealership in 2016. The CEO explained why the
first business model failed in an interview” stating that many buyers and sellers are unwilling to
wait, and the new C2B2C (dealership) model better accommodates their needs. The impatience
of consumers waiting for a matching also factors in. The static model represented by Figure 1 is
unable to capture the factors that make one business model better than the other.

For this reason, it is important to extend the analysis to the realm of stochastic dynamic models.
It is much closer to the market environment faced by the intermediaries: the supply and demand
are random and fluctuate over time due to intertemporal effects such as inventory risk in the
dealership model and sellers waiting for buyers in the marketplace. Our goal in this paper is to
study stochastic dynamic models that incorporate inventory risk and waiting times to shed light
on the differences between the two business models. Following the large literature after Rochet
and Tirole (2003, 2006), we focus on the two-sided non-financial marketplaces that set a high exit
cost for sellers, common for platforms with fulfillment services on which sellers cannot retrieve
their products once they join the market. For instance, ThredUp? is one of the major luxury resale
platforms. Once sellers join the platform, ThredUp requests them to ship their products to the
inspection center through its fulfillment service. Then each authenticated product will be listed

on the website, and its owner can dynamically adjust the price until it is sold. Once listed on the

Zhttps://m.qctt.cn/news/120581
3https://gap.thredup.com/pages/seller-terms
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platform, the product cannot be withdrawn within a time window (30 days or 45 days) and the
withdrawal cost is $5.99 service fee plus the shipping cost. When a transaction occurs, the platform
delivers the product to the seller and transfers the payment minus the commission to the seller.
Such a business model, sometimes referred to as “consignment”, has been adopted by an increasing
number of resale platforms (e.g., Lampoo, Luxury Closet, Zhuanzhuan).

Our Contribution. In this paper, we build dynamic models for the dealership and the market-
place as monopolies. We first study a dealer that sets dynamic ask/bid prices based on the on-hand
inventory to maximize the long-run discounted profit, when the supply and demand arrive as Pois-
son processes. We then study a marketplace platform that determines optimal transaction fees.
Sellers set prices dynamically based on the transient supply/demand imbalance and their waiting
costs in a dynamic game among themselves; we characterize the Markov perfect equilibrium of the
dynamic game. The contribution of this paper is threefold:

(1) We build dynamic models under the common market environment for both two-sided markets
to capture the demand and supply fluctuations and the intertemporal effects. This contributes to
the literature which largely focuses on static equilibrium models.

(2) We derive the optimal policies of the two models and explore their structural properties.
Despite the differences summarized in Table 1, the optimal policies share several salient features:
(i) The firms always benefit from higher inventory levels or more sellers but the marginal value
is diminishing. (ii) More inventory or sellers both lead to a lower transaction price, though in the
dealership market the transaction price is determined by the monopolistic dealer and in the mar-
ketplace it is an equilibrium outcome of the price war among sellers. (iii) The quantities measuring
transient supply relative to demand exhibit “mean-reversion”, demonstrating the self-regulatory
nature of the two models. For the dealer, it is the inventory level; in the marketplace, it is measured
by the number of sellers waiting to be matched.

(3) We show that either model can be more profitable depending on the market conditions. In
particular, if the sellers are impatient, or the market size of buyers is relatively small, then the
dealership model is more profitable, due to the high waiting cost of the sellers in the marketplace.
It may explain why many online retailers like Amazon started with a dealership model at their
early stage when the customer base has not been fully built. When both sides of the market become
thicker, a fundamental connection between the two models emerges. The optimal bid/ask prices
of the dealer and the optimal commissions charged by the platform converge to the quantities
illustrated in Figure 1, confirming the intuition (the rigorous notion of convergence will be specified
later). As a result, the optimal revenues of the two business models converge to the same value,

when both sides of the market become thicker.
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Literature Review. First, in terms of game theoretical models, there are papers studying two-
sided markets by building static models to investigate governance structures, platform competitions
(Rochet and Tirole 2003), platform investment (Njoroge et al. 2014), quality selection (Light et al.
2024), etc. Gautier et al. (2023) construct search models to compare two business modes, focusing
on the impact of the market composition. Both Rust and Hall (2003) and Li et al. (2019) consider
the competition among dealers. Li et al. (2019) show how the dealer’s pricing and order decisions are
affected by its inventory. We further illustrate how its decisions are affected by the market thickness
and provide an asymptotic optimal pricing policy. There are also dynamic models studying the
matching and bargaining of two-sided markets, such as Mortensen and Wright (2002), Duffie et al.
(2005), Satterthwaite and Shneyerov (2007). Compared to this line of literature, our dynamic model
focuses on the decisions of a dealer and a platform to maximize revenues, and we consider buyers
and sellers of heterogeneous valuations; indeed, our model converges to an equilibrium associated
with an optimization problem.

Second, our dealership model is related to the literature on dynamic pricing (Gallego and van
Ryzin 1994). Our model is related to an inventory system with joint inventory and pricing decisions
under stochastic demand (Chen and Simchi-Levi 2004a,b, Chen and Gallego 2019). The main
difference in our model is that the inventory is not replenished by ordering a certain quantity from
a manufacturer; rather, it is replenished by setting a dynamic price to buy from individual sellers,
who arrive in a stochastic fashion. Such symmetry between the demand and supply sides of the
inventory gives rise to the bid-ask spread and other unique structural properties in our model.
Chen and Hu (2020) study the strategic behavior of buyers and sellers in the platform and show
a fixed pricing policy is asymptotically optimal. In a closely related recent paper, Ghuloum et al.
(2022) study the dealership model and develop a similar set of structural results. We summarize
the differences in Table 2. More importantly, we focus on the analysis of the marketplace model in

this study.

Ghuloum et al. (2022)  Our work

Time horizon Discrete and finite Continuous and infinite

Arrival rates Time-inhomogeneous  Time-homogeneous

Comparative statics  Inventory level Inventory level, discount factor
and arrival rates

Optimal margin Lower bound Numerical experiments

The fixed-price policy Numerical experiments Theoretical analysis

Table 2  Comparison of the dealership model between Ghuloum et al. (2022) and our work.

Third, there are recent papers studying platforms in the sharing economy. Cohen and Zhang

(2022) use a discrete choice model to study two-sided platforms’ competition and coordination.



6 Li et al.: Dealership or Marketplace

Birge et al. (2021) introduce a model to study a platform’s optimal commission and subscription
policy in a networked marketplace, where not all types of buyers and sellers are compatible. Taylor
(2018) and Bai et al. (2019) use queueing models to examine the operations of on-demand platforms.
Bimpikis et al. (2019) and Besbes et al. (2021) introduce the spatial or geographical elements into
the pricing and matching of the platforms. The optimization problem related to Figure 1 is studied
in Hu and Zhou (2017), which study a platform’s optimal policy to set price, wage and commission;
their focus is on the equilibrium state (without intertemporal fluctuations in demand and supply),
which, interestingly, can be viewed as special cases of the limit of our models in a thick market.
Benjaafar et al. (2022) consider an on-demand service platform with riders sensitive to the waiting
time, strategic drivers and a profit-seeking intermediary. Although with a different model, their
observation that a larger size of the opposite side does not necessarily increase the welfare coincides
with ours. He and Goh (2022) use a dynamic model to capture the demand and supply fluctuations
of a service platform, which can allocate the orders to its own employees or outsource them to
freelancers. The objective is to adjust the order allocation for the optimal growth of the platform.
Lian and Van Ryzin (2021) study the market growth decision of a two-sided platform where the
reward for sellers and the price for buyers are determined by the platform, and the number of
transactions is contingent on the sizes of both the demand and supply participant pools. Hagiu
and Wright (2024) establish a marketplace model with one seller to study the leakage problem,
i.e., customers may take transactions off the marketplace to avoid transaction fees.

Compared to this line of literature, our work differs in the following two regards. First, we focus
on the connection and comparison of the two business models. To the best of our knowledge,
no previous studies have analyzed the pricing/commission policies of the two business models
in a dynamic setting and discovered their fundamental connection. Second, from the modeling
perspective, our framework provides a novel approach to capture the trade-off between monetary
and time values of sellers on a platform. Most previous papers resort to queueing models, which
usually only allow for steady-state analysis and cannot handle transient strategic behaviors. Our
framework leverages the competitive nature of the agents and links the waiting cost to the state

of the dynamic game. It allows for tractable analysis of the transient dynamics of the game.

2. Two Dynamic Models for Two-sided Markets

Consider two crowds of consumers, buyers and sellers, for a single type of product. Consumers
arrive according to two independent Poisson processes with rates A, and \,, respectively, for buyers
and sellers. The random private valuations of the buyers (sellers) associated with one unit of the
product are denoted by €, (£25). Therefore, for a random buyer (seller), charged (offered) a price
p, the expected demand (supply) is given by dj(p) = P(2, > p) and d,(p) = P(Q, < p). Next, we

introduce the two dynamic models separately.
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2.1. The Dealership Market

In the dealership market, the buyers and sellers cannot trade directly, but transact with each other
indirectly through the dealer. In particular, the dealer sets the ask and bid prices dynamically.
Buyers with valuations above the ask price (p,) would buy from the dealer, whereas sellers with
valuations below the bid price (p;) would sell to the dealer. We assume that consumers make
decisions upon arrival, and do not strategically wait for a different price. Thus, the arrivals of
buyers and sellers who transact with the dealer follow two time-varying Poisson processes, Ny(t)
and N, (t), with rate A\ydy(py(t)) and Ads(ps(t)), respectively, where py(t) and p,(t) are the ask and
the bid prices at time ¢ > 0.

To simplify notations, we respectively define Ry (p, z) = dy(p)(p — 2) as the expected profit for
the seller at ask price p, when his unit cost is z, and R,(z) = sup,>, Ry(p, 2) as the optimal
expected profit at a unit cost 2. Similarly, we respectively define R, (p, z) = d,(p)(z —p) and R,(z) £
SUPy<,<. Rs(p, 2) as the expected surplus for a buyer at bid price p, when his valuation is z, and the
optimal expected surplus at valuation z. The assumption below is common in the pricing literature

and we provide justifications in Section EC.1.

ASSUMPTION 1. (1) The market environment is stationary, i.e., dy(-) and ds(-) do not change
over time. (2) dy(p) (ds(p)) is continuous and decreasing (increasing) for p € [0,00), with dy(c0) =
ds(0) =0. When dy(p),ds(p) € (0,1), they are strictly monotone. (3) For any z, both Ry(p,z) and

Rs(p,z) are unimodal and have a finite maximizer in p > 0.
Formulation. At time ¢, the dealer uses the bid and ask prices p,(t) and p,(t) to maximize the
expected revenue over an infinite horizon discounted at rate r, which can be expressed as:

Vol) 2 max €| [ e (0aNi(o) - pu (v ()

Py (t),ps(t)

subject to x — N,(t) + Ny(t) >0, Vt>0,
where x is the initial inventory level and the constraint means that the dealer can only sell if
its inventory is positive. Let AVp(z) = Vp(z) — Vp(x — 1) represent the marginal value of the

dealer’s inventory when he is holding x units. It is easy to show that Vp(z) satisfies the following

Hamilton-Jacobi-Bellman (HJB) equation:

TVD(.TJ) = )\bRb(AVD(IE)) + )\SRS(AVD([E + 1)) x Z 1,
rVp(0) = AR (AVp(1)) (1)

For any z > 0, we define P,(z) £ arg max, s, Ry(p, 2) and Ps(2) £ arg max, s, Rs(p, z). Then, from
(1), the optimal bid and ask prices are functions of x, denoted as p*(z) and pj(z):

Pb(AVD(Q?)), lfﬂL’Zl,
400, otherwise.

pi(x) = P(AVp(x+1)), 220;  py(z) = { (2)
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The reflective boundary condition in (1) at = 0 highlights the stockout risk faced by the dealer.
The dealer tries to avoid having zero inventory, as potential arrivals of demand (and thus rev-
enue) would be missed if z =0. This may nevertheless happen due to randomness; in this case,
the inventory is “reflected” to x = 1 at the next transaction due to a purchase by the dealer.
Moreover, there is a (financial) inventory risk due to the discounted inventory value during the
holding period (see Remark 2). Specifically, the inventory risk can be measured by the differ-
ence between the present value of the inventory at the buying time and the selling time, i.e.,
E[J," e pu(t)dN,(t) — e "*py(t)dN,(t)]. Note that the structural results in Proposition 1 are also
derived in a different setting in Ghuloum et al. (2022). We provide the intuition and implications

of the results in Section EC.1.

PROPOSITION 1. Under the optimal pricing policy, we have the following results. (1) The value
function Vp(x) is increasing concave in x. (2) The existence of bid-ask spread: p;(z) > AVp(x) >
AVp(x+1) > pi(z) for all x> 0. (3) Monotonicity of bid and ask prices: (a) pi(z) and p;(z) are
decreasing in x. Besides, lim, . pi(z) =0 and lim,_,. p;(z) = argmax, {dy(p)p}. (b) pi(x) and
pi(x) decrease if r increases or N, and \s decrease in proportion. (4) Mean-reversion of inven-
tory: There exists 0 < x, < 400, such that when x> x,, \dy(p;(z)) > Nsds(pZ(x)); when x < x,,

Moy (D () < Asds(pi(z)). Moreover, x, increases if v decreases or N, and Ay increase in proportion.

Thick Markets and Fixed-Price Policies. Frequently the market sizes are large in the sense
that the arrival rates of both buyers and sellers result in low coefficients of variation for both
buyers and sellers (which are of the order of 1/y/A, and 1/4/),). This is the case for popular
product categories. We study this “thick-market” regime and show that the fixed-pricing rule
corresponding to the fluid approximation where demands are replaced by their expectations has
desirable properties.

We consider the fluid approximation where the Poisson processes, N,(t) and N;(t), are replaced
by their means. More precisely, with ask price p, and bid price p,, in the next time interval of dt,
the dealer sells A\ydy(py)dt units and buys Ad,(ps)dt units exactly. (Hence the product is infinitely
divisible and the inventory is a continuous variable.) Such fluid approximation is used widely in
dynamic pricing as it sheds light on the first-order effects. Denote Vp () as the optimal discounted
revenue for the fluid approximation. The dealer attempts to maximize the discounted cash flow

Vo) = max [ e (0 (ou(0) = A (0 p.(0) e

pp(t),ps 0

subject to /0 ()\bdb(pb(s)) — )\sds(ps(s)))ds <z, Vt>0. (3)
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Replacing AVp by the derivative V() in (1), we obtain the following HJB equation for Vp(z):
Vo (z) = M Ro(Vh(2)) + AR (Vi (), x> 0. (4)

Next, we need to find the boundary condition that exhibits an entirely different pattern from
that of Vp(0). In the fluid approximation, by the continuity of d,(-) and d,(-) and the infinitesimal
deterministic demand/supply flow, the inventory will always reach an equilibrium level z,, under the
optimal pricing policy, such that A\,d,(p;(Z,)) = Asds(P%(Z,)), and not deviate from the equilibrium
afterwards. Without uncertainty, the equilibrium Z, must equal zero, since stocking a positive
inventory is meaningless after reaching the equilibrium, as it could have been turned into profit.
Therefore, V(0) should satisfy the following absorbing (instead of reflective) boundary condition:

rVp(0) = max ){)\bpbdb(pb) — AsDsds(ps)} - (5)

Apdy (pp)=Asds (ps

After the inventory reaches zero, it stays in the absorbing state x = 0. In other words, the preferred
inventory level is zero in the fluid approximation. This is significantly different from the stochastic
formulation, which has a positive preferred inventory x, to which the inventory process reverts.
Moreover, we have shown that z, is increasing in the scale or market size of the system (\; or A,),
as illustrated in Figure 4c. The discrepancy is caused by the fact that although z, is increasing in
A, T,/ is decreasing in A and eventually converges to 0 in the fluid limit. It can also be shown that
Vp(z) is increasing and concave, and serves as an upper bound of Vp(z) (see Proposition EC.1 in
Section EC.2 in the online supplement). In other words, eliminating uncertainty and stockout risk
increases the dealer’s profit. Moreover, the ratio Vp(z)/Vp(z) tends to one as x — occ.

A Fixed-Pricing Policy for the Fluid Model. In the revenue management literature (see,
e.g., Gallego and van Ryzin (1994)), it is found that the fluid approximation and the associated
fixed pricing heuristic work well in a “scaled” system. Here we consider a similar setting of the

thick-market regime, in which we scale demand and supply simultaneously by n, i.e., ()\l()"),)\g”)) =

n()\b, )\5)

PROPOSITION 2. Consider a fized-pricing policy {py,Ds} that solves the absorbing boundary con-

dition in (5), namely

1 .
max ;)‘sds(ps)(pb - ps)7 SUbJeCt to )‘sds(ps) == Abdb(pb)a (6>

Ps»Pb

and let f/l()") (z) denote the expected discounted revenue of the dealer using the fized price policy

{Dv,Ds}. Then for any x € N, we have

V() V@)

= (n)
o) > = ) and lim M
Vp (z)  Vp'(x)

1 1
= 1 — _ = — D Dr — D .
O(\/ﬁ ey o0 n TASds(pS)(pb ps)
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Due to the dynamic effect of randomness, the relative loss of profit under the heuristic will be
O(1/+/n), yielding that the fixed-price heuristic is asymptotically optimal. Intuitively, this holds
because, when the market becomes thick, the initial inventory is negligible compared to the mass

stream of supply and demand from consumers.

2.2. The Marketplace

In a marketplace, the intermediate firm provides a platform that facilitates the direct transaction
between buyers and sellers, instead of serving as a middleman, and usually charges fees per trans-
action from both sides. While sellers can potentially make more profits from transactions, they
have to wait for counterparties, instead of immediately transacting with a dealer. The buyers may
also get better prices because of competition among sellers. In this section, we introduce a dynamic
continuous-time framework to capture those trade-offs and analyze the optimal fees charged by the

platform (firm).

2.2.1. Basic Settings Suppose the platform charges sellers (buyers) ¢, (¢;) per transaction.*
We assume that ¢, and ¢, are set at time zero and fixed over time, because in practice transaction
fees are usually stated upfront before consumers come to the platform and kept unchanged for a
long time. For example, most platforms such as eBay inform the clients about the fee policy when
they register. In the marketplace, there are sellers posting prices for their homogeneous goods.
Both sides are assumed to have one unit of product to sell or buy. We use “he” to refer to the
platform and “she” to refer to a seller or a buyer.

The Buyers. Buyers arrive at the marketplace at a Poisson process with rate A,. Their valuations
are drawn from €, independently whose tail distribution is d;(-), as explained in Section 2.1. When
a buyer arrives, she observes the sellers’ quoted prices and purchases from the seller who offers the
lowest price, provided that this price plus the transaction fee ¢; is lower than her valuation of the
product. If two or more sellers quote the same lowest price, then an arbitrary tie-breaking rule is
introduced (e.g. random selection). Finally, a buyer who finds the lowest price plus ¢, higher than
her valuation leaves the marketplace permanently without purchasing — that is, she does not wait,
which is consistent with the behavior in the dealership model. Consequently, when the lowest price
is p, the random time elapsed before a buyer arrives and purchases a product follows an exponential
distribution with rate A\,dy(p+ ¢;), in which case a transaction occurs and the number of sellers in
the marketplace decreases by one.

The Sellers. Sellers arrive in a Poisson process with rate \,, whose valuations have i.i.d. dis-
tributions with CDF d4(-). An arriving seller observes m, the number of sellers, and their posted

prices. Similar to the dealership model, a seller makes a take-it-or-leave-it decision upon her arrival

4In Section 5.1, we analyze fees proportional to the transaction price. Most results in this section hold.
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at the platform: joining the platform and posting a price, or leaving the market permanently if
the expected utility of joining the platform is less than her valuation. For the sellers, the expected

utility of joining the marketplace is
fn =E[p—cs — k7], (7)

where p is the (random) future transaction price, 7 is the (random) time elapsed between joining
the platform and the time her product is sold; both p and 7 will be determined endogenously later.
Compared to the platform, sellers typically care more about short-term returns. Therefore, we use
linear waiting costs to characterize their time disutility instead of discounting, with a unit cost
k. If the seller decides to join, then the number of sellers in the marketplace is increased by one.
Note that we mainly focus on platforms with fulfillment services that normally set a high exit cost
for sellers. Therefore, once joining, the seller does not withdraw and leaves the marketplace only
after her product is sold. The sellers in the marketplace can adjust their posted prices at any time
without a cost, a practice adopted by many platforms such as Craigslist.

REMARK 1. In this model, we make the assumption that once sellers enter the market, they
remain active and do not quit, possibly due to the high exit cost. For many marketplace platforms,
before sellers post their products, they need to ship their products to the marketplace by fulfillment
services, such as Fulfillment by Amazon or Shopify Fulfillment Network. For example, ThredUp
requires sellers to ship the products to its warehouse for authentication examinations before they
are posted. Sellers cannot withdraw their products until the last week of the listing window (30
days or 45 days), and the reclaim cost is $5.99 service fee plus the shipping cost.” As a result, in
our model, the WTS only plays a role when the seller decides whether to join the marketplace but
not after the entrance.

The Dynamics. Since an arriving buyer only transacts with the seller offering the lowest price,
the sellers continuously undercut the current lowest price, leading to a price war. The price war
ends immediately. As a result all m sellers are indifferent between missing the next transaction
and selling the product at the lowest price. At the moment of the next transaction, the seller
offering the lowest price, denoted as p,,, receives p,, — ¢, and leaves the market, while the future
expected utility of the remaining m — 1 sellers becomes f,,_;. By the discussion above, we must
have p,, — ¢s = fi—1 for m > 2. For m = 1, the single seller does not face any competition and
maximizes her utility by setting the optimal price p;.

To understand the dynamics of the marketplace, consider the events that could happen in the

next infinitesimal time period of length §t. For m > 1, the transition to m — 1 is caused by a

Shttps://gap.thredup.com/pages/seller-terms
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buyer arriving at the marketplace whose valuation is higher than the lowest price p,, plus ¢,. In
the following, we will refer to p,, + ¢, as the payment made by buyers when there are m sellers
in the marketplace. Therefore, the transition probability is approximately \ydy(p., + cp)dt. After
the transition, the seller who has sold her item or not receives payoff p,, — ¢s or f,,_1, which
are equal. On the other hand, the transition to m + 1 is caused by an arriving seller, provided
that her expected utility of joining the marketplace is higher than her valuation. Note that her
expected utility is equal to the expected future utility of the m + 1 sellers on the platform after
she joins, which is f,,;;. Therefore, the transition probability is approximately A d(f,,+1)dt. For
convenience, let fo =p; —c, and w=c, + ¢.

Thus, given the number of sellers m at any time, the dynamics of the marketplace can be modeled
as a continuous-time Markov chain with state m, i.e., a state-dependent birth-death process. More
precisely, consider a time point when there are m sellers on the platform. They engage in an
immediate price war, leading to a competitive price p,, = ¢, + fn—1. If a buyer arrives and her
valuation is above p,,, + ¢;, which occurs with rate A\ydy, (P, +¢5) = Aodp( frn—1 +w), then a transaction
happens and m becomes m — 1. If a seller arrives and her valuation is below f,, 1, which occurs
with rate Ayds(fr11), then m becomes m+ 1. Thus the utility function f,, will satisfy the following

recursive equations:®

f — max { )\bdb(fo + w)fo + )\sds(f2>f2 _ K }
T Moy (fo -+ w) + Ayds (f2) Ny (fo 4+ w) + Ads(f2) )7
. Abdb(fm—l +w)fm—1 + )\sds(fm+l)fm+1 . K
L W N I NS W ¢ S RED W | SRS WS W N ¢ MR

where the first term of the right hand is the expected payoff at the next transition, and the second
term is the expected waiting cost before the transition.

Although the recursive system for f,, is derived for all m > 0, it does not necessarily mean that
there will be infinite sellers in the marketplace. According to Assumption 1, the lower bound of the
support of ; is zero. Define M = min{m : f,,,1 <0}. When there are M sellers in the marketplace,
the expected utility of joining for an arriving seller is fy;11 <0, which is always less than her
valuation of the product. Therefore, no more sellers are willing to join the marketplace and the
number of sellers in the marketplace never exceeds M. Because M is endogenously determined by
solving the recursive system in (8), it is referred to as the endogenous capacity of the platform. We

impose the following assumption.

ASSUMPTION 2. There exists a finite price p such that dy(p) = 0.

5 Observe that only the sum w = ¢s + ¢, matters here. Intuitively this is because, as long as w is fixed, changing c,
and ¢, only shifts the demand and supply curves horizontally without changing other quantities.
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Assumption 2 implies that the buyers’ reserve price is bounded above. Combined with Assump-

tion 1, we can show that the number of sellers is bounded above.
LEMMA 1. Under Assumptions 1 and 2, the endogenous capacity M is finite, i.e., M < 2pX\,/k.

Platform’s Objective. Let V,((m) be the platform’s expected discounted revenue when there
are m sellers in the marketplace, at discount rate r. That is,
V(m) :/ e "(cs+¢y)dN;, given m sellers in the marketplace at ¢ =0,
t=0
where N; is the counting process of the number of transactions up to time ¢ given the fized trans-
action fees ¢, and ¢;,. Note that, since buyers and sellers transact directly, we have N, (t) = N,(t)

and there is no inventory risk for the marketplace. Similar to the derivation of f,,, we have

Asds (f1)AVa(1),
rVia(m) = Asds(frne1) AVam(m +1) + Xedy (fro—1 + w)(w — AViy(m)), 1<m<M -1, 9)
V(M) = Ny (frr—1 + w) (w — AV (M),

where AVy(m) = Va(m) — Vi (m —1) is the marginal value of an additional seller and w = ¢, + ¢y
The platform’s objective is to choose ¢, and ¢, to maximize V}i,(m) = max,, ., Vi(m).

Equilibrium Analysis. Given m, the value of f,, solves (8) and the associated Markov process
follows a state-dependent birth-death process. Due to Lemma, 1, the birth-death process has a finite
number of states and thus a steady-state distribution. We argue that the process constitutes a
Markov perfect equilibrium. As we explained in Remark 1, sellers are homogeneous once they join
the market. Therefore, the dynamic game is stationary and Markovian with the number of sellers
m in the marketplace as the state. To show that it is a Markov perfect equilibrium, it suffices to
show that individual sellers do not have incentives to deviate from the equilibrium strategy. Since
sellers can adjust the prices dynamically, we only need to show the strategy for state m, asking
for a price p,, along with other sellers thanks to the price war, is optimal. For m > 2, asking for
a price higher than p,, is clearly not optimal, because the arriving buyer will always choose other
sellers offering a lower price p,,. On the other hand, undercutting p,, is not optimal because of the
structural properties of (8) (See Lemma EC.2-(2)). For m =1, the optimality of p; (fo) is given by
the HJB equation for f; in (8).

Next, we analyze the steady-state distribution of the Markov perfect equilibrium. To summarize
the dynamics of the birth-death process, recall that the birth rate from state m to m + 1 is
Asls(frna1), m=0,..., M —1; the death rate from state m to m — 1 is N\ydy(pr + ) = Mo dp(frn_1 +
w), m=1,..., M. Therefore, the steady-state probability 7, for state m satisfies

Tm o )\sds(fm)
Tm—1 Abdb(fmfl +w)

(10)
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The next theorem provides the existence and uniqueness of the solution to (8) and hence the

equilibrium.

THEOREM 1. Suppose Assumption 1 and 2 hold. There exists a unique solution to (8) and thus

a unique Markov perfect equilibrium of the dynamic game.

The proof designs a root-finding algorithm that always outputs the solution f,, to (8). Finding
the solution to nonlinear equations and proving the uniqueness is non-trivial, especially when
the number of equations M in (8) is endogenous and part of the solution as well. Note that the
equilibrium strategy of the sellers is constant given the state m. Thus, it is a measurable function

of the state and the time, and the equilibrium is well-defined.

PROPOSITION 3. In the equilibrium: (1) The expected utilities of sellers f,, as well as the trans-
action prices P, = fm—_1+ ¢s, are decreasing and convex in m. (2) There exists 0 < M* < 0o such
that when m > M*, Nydy(pm + ) > Aeds(fin); when m < M*, Nody(pm + ) < Aods(fin). (3) The
endogenous capacity M is decreasing in k, As, w, and increasing in A\,. Moreover, there are sellers
joining the marketplace if and only if max,{dy(p+w)p} > K/Xp. (4) Given w=cs+ cp, Vy(m) is

increasing and concave in m and AVy(m) <w.

The Sellers’ Utility and Transaction Prices. The state m reflects the transient supply/de-
mand imbalance. A larger m implies an excessive level of supply and each seller in the marketplace
faces fiercer competition, which reduces the expected utility. The convexity of f,, implies that the
adverse effect of competition is diminishing as m increases. This is because the sellers are selling
homogeneous products. Intuitively, one can think of a single unit of demand being shared evenly
among the sellers and the share 1/m is decreasing and convex in m.

The Mode of the Steady-State Distribution. Because f,, is decreasing, the effective arrival
rate of a new seller, A\,ds(fms1), is decreasing in m; on the other hand, the arrival rate of a new
buyer, \ydy(fm_1 + w), is increasing. It implies that the equilibrium dynamics exhibit “mean-
reversion”. That is, there is a state M* = max{m : \yds(fn) > Xodp(frm_1 +w)} so that for m > M*,
the number of sellers m tends to decrease on average and for m < M* the number of sellers tends
to increase. In other words, the platform is self-regulating the amount of supply because of the
economic decisions made by the buyers and sellers. Combined with the property of =, in (10), M*
is also the “mode” of the steady-state distribution.

The Endogenous Capacity. The endogenous capacity M is the maximal number of sellers
the platform can potentially accommodate. By Proposition 3-(3), the endogenous capacity M is
decreasing in the waiting cost x, the market size of sellers \,, the total transaction fees w, and

increasing in the market size of buyers \,. Consistent with the economic intuition, when the cost
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of selling the product decreases (low waiting cost or transaction fees) or the demand side becomes
relatively large, the platform can accommodate more sellers. In extreme cases, for example, when
the market size of buyers is considerably small, the endogenous capacity M =0 and no sellers are
willing to join the marketplace. The platform cannot make any revenue. Note that this is not the
case in the dealership market: the dealer can always make profits no matter how small )\, is.

The Platform’s Revenue. This optimization problem is intractable for theoretical analysis, as
Vam(m) depends on f,,, which cannot be solved explicitly and the dependence on the transaction
fees is highly nonlinear. However, we can provide qualitative structural results about the platform’s
expected revenue, which are summarized in Proposition 3.

Although the platform does not keep its own inventory as the dealer does, the number of sellers
m in the marketplace is connected to the inventory in the dealership model at a high level. In
particular, the magnitudes of both quantities signal the excessive level of supply relative to demand
and lead to lower transaction prices (see Proposition 1-(3) and Proposition 3-(1)). Interestingly,
the value functions demonstrate similar structural properties (Proposition 1-(1) and Proposition 3-
(4)). The platform makes more revenue as the number of sellers increases in the marketplace.
This is because the firm’s revenue only depends on the number of transactions regardless of the
transaction price; more sellers endogenously lead to more transactions. Moreover, the marginal
value is decreasing and bounded by w: an additional seller leads to at most one more transaction,

and one transaction generates revenue w for the firm.

2.2.2. The Thick Market Consider a sequence of systems indexed by n. In the n-th system,
(A XM = (nXy,nA,)7. We characterize the limit of the dynamic game as n — oo, and derive the
optimal strategy of the platform in the asymptotic regime.

As the market becomes thicker, transactions occur more frequently and the waiting time between
the time points a seller joins the marketplace and her product gets sold becomes negligible. There-
fore, sellers are more willing to join the platform and the endogenous capacity tends to infin-
ity. Another important implication of a thick market is that the state transition rates of the
dynamic game (birth-death process) become larger. As a result, the state of the game, m, resem-
bles the state of a fluid system: the normalized inflow to the system is at the rate that a seller
joins the marketplace A\,ds(f,,+1) and the outflow is at the rate that a buyer makes a purchase
Modp(fm—1+w). Because the waiting cost diminishes, one has f,, = f,,11 = fin_1. Therefore, define
fa {f Aods(f) = )\bdb(f—i—w)} to be the expected utility of a seller when the marketplace is in
such a state that inflow equals the outflow. Intuitively, f is closely tied to the mode, M™*, of the

distribution. Indeed, when there are M™* sellers in the marketplace, the inflow roughly matches the

outflow and the expected utility fys- is very close to f.

" Most quantities have the superscript (n) in this section. We omit it if there is no confusion.
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PROPOSITION 4. In the thick-market regime: (1) For any finite k € Z, lim,,_, f$2<")+k =f. (2

For any € >0, we have lim,, o, Y, =0.

7n:|f,(,?)—f|>e7rm

Note that the standard techniques (i.e. fluid approximation) in revenue management cannot be
used to prove the proposition, due to the price war among sellers. The first part shows that for a
wide range of m, the expected utility of a seller, f,,, does not deviate much from f . It is the key to
characterizing the asymptotic steady-state distribution of the dynamic game. Because M* is the
mode of the steady-state distribution, the above result states that the expected utility of sellers is
“flat” when the number of sellers is around the mode. Furthermore, the second part shows that the
expected utility of a seller to join the marketplace is concentrated around f with high probability.®
By Proposition 4, the expected utility of the sellers in the thick market can be approximated by f
in the steady state. Hence the transaction prices are almost equal to p = f + ¢,. The rate at which
a transaction occurs is approximately A\ d,(f + cs + ¢) = A\ dy(f + w) = A™d,(f), and thus the
revenue rate is approximately A d,( f Jw.

When the market becomes thick, it is reasonable to focus on the long-run discounted revenue in

the steady state, which is defined as V= EM

m=0

TV (m). By (9), we have

M—-1 M
V=Y T dis(Fup ) AV(m+1) + > T My (frm1 + w) (w — AVipg () (11)
m:(l)\/l " m=1
=w Y Tt A (f) =0 > T Myl (frnot + ),
m=1 m=1

where we have used 7,1 Asds(fim) = TmAody(frn—1 +w) due to (10). Therefore, the optimal trans-
(n) (n)
action fees of the firm are argmax, M- argmax, . {(cs + cp) Zgzl Tm_1Asds(f{™)}. This

b n

optimization is intractable for a finite n because f(™ and 7, do not have explicit forms and their

dependence on ¢, and ¢, is highly nonlinear. However, given w = ¢, + ¢, in the thick market, the

V/<\:l1) _ )\sds(f)w (
n r

firm’s long-run average revenue converges, lim,, see Proposition EC.2 in Sec-
tion EC.3 in the online supplement). To maximize the revenue in the thick market, the firm sets
¢s and ¢, to maximize

1 A A "
max ;)\sds(f)(cs +¢), subject to A\od(f) = Ndp(f +¢s+cp)- (12)

Cs,Cp
where f satisfies the “flow-balance” constraint. Surprisingly, the formulation has a fundamental

connection to the optimization problem of the dealer in the thick market, which we discuss next.

8 Note that Proposition 4 does not imply that fm ~ f for all the states m < M. There are still infinitely many states
m such that f,, is very different from f when n — oo.
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3. Business Model Comparison

The dynamic models capture the differences in the two business models highlighted in Table 1. In
the dealership market, the dealer has a monopolistic pricing power by setting bid and ask prices
dynamically. In the marketplace, the firm only charges transaction fees that are set up upfront, and
the transaction price is completely determined by the price war among sellers in the marketplace.
The dealer manages his own inventory, and is thus exposed to the inventory risk. This is one of the
reasons why the prices are set dynamically. In comparison, the platform is not exposed to inventory
risk. The dealer makes a profit by earning the bid-ask spread, which straddles the marginal value
of inventory. The platform earns revenues as long as buyers and sellers engage in transactions.
For sellers, the benefit of selling to the dealer is the guaranteed immediate transactions, although
it usually means that they are charged a premium by the dealer. Conversely, they are directly
matched to the counterparty in the marketplace, after a (random) period of waiting. For buyers,
they face a single dealer reselling the product in the dealership market, whereas the prices of the
product are competitively set by the sellers in the marketplace.

REMARK 2. The differences in cash flows also play an important role when the market is thin.
For any equilibrium prices f,,’s induced by the transaction fee w in the marketplace model, we
can construct the pricing strategy for a dealer with p,(z) = f, and p,(x +1) = f, +w for all >0,
under which the behavior of sellers and buyers are exactly the same as that in the marketplace.
However, due to the asynchronous bid-ask cash flows, the discounted profit of the dealer is lower.
Consider m sellers (items) in the marketplace (dealer’s inventory). As shown in Figure 2, in the
marketplace, the seller arrives at ¢; and the buyer purchases it at ¢, > t;. The cash flow for the
platform is generated at t,. In contrast, the dealer has to pay the seller at ¢; and then recoup
it from the buyer at t,. Because of discounting, the dealer’s profit is lower than the platform’s.

Nevertheless, when the market is thick, ¢, —t; — 0, the difference in the discounted cash flow is

negligible.
_fm fm +w
Dealership , T T
1
1
-------- > Time
: t1 ta
Marketplace |
Figure 2 lllustration of cash flow for the dealership and marketplace.

3.1. A General Comparison between the Two Business Models
The profitability of the two business models can be quite different depending on the market envi-

ronment. In particular, we can show that
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THEOREM 2. Other parameters being fized and ds(p) >0 for any p >0, when the waiting cost
of sellers k is sufficiently large (above a certain threshold), or the market size of buyers X\, is
sufficiently small (below a certain threshold), the dealer earns more profits than the marketplace;
when k is sufficiently small (below a certain threshold), the marketplace earns more profits than

the dealer.

When sellers are impatient, they are unwilling to wait for long on the platform. As a result, not
many sellers join and they are unable to offer a competitive price, which limits the transaction
volume and thus the profitability of the marketplace relative to the dealership. In other words, when
the market condition is not attractive to sellers, the marketplace cannot transfer the inventory risk
to sellers and hence the dealer with the pricing power outperforms the marketplace. When the
sellers are patient enough, a firm will transfer the inventory risk to the sellers and then earn more
profit as a platform. Similarly, when not many buyers are populating the other side of the market,
the marketplace looks less attractive to potential sellers, while the dealer can still wield its pricing
power to partially balance the demand and supply. For other market conditions, we have found
scenarios in which either business model can dominate the other in terms of revenues.

Despite the distinctions, the two models share several important features. We may regard the
inventory held by the dealer and the number of sellers in the marketplace as similar indicators for
transient excess supply in the two models. More inventory /sellers imply that the firm can meet
short-term demand surges without worrying about the supply side. We have shown that the firm
always benefits from higher inventory or more sellers but the marginal payoff is diminishing (see
Proposition 1-(1) and Proposition 3-(4)). More inventory or sellers both lead to a lower transaction
price (see Proposition 1-(3) and Proposition 3-(1)), though in the dealership market the transac-
tion price is determined by the monopolistic dealer and in the marketplace it is an equilibrium
outcome. Both quantities display mean reversion (see Proposition 1-(4) and Proposition 3-(2)),

demonstrating the self-regulatory nature of the two models.

3.2. A Fundamental Connection in the Thick Market
For the dealer, (6) demonstrates the asymptotic optimality of constant bid and ask prices when the
market is thick. For the platform, in the thick market the transaction fees are designed to maximize
(12). The optimization problems exactly reflect the intuitions illustrated in Figure 1. In the thick
market regime, both the inventory risk of the dealer and the waiting cost of the sellers in the
marketplace are negligible. As a result, the demand and supply fluctuations and the intertemporal
effects become second-order and the systems can be described by static optimization problems.
In Figure 1la, the dealer decides the bid and ask prices, i.e., p, and p;, represented by E and
F, respectively. The constraint A d,(ps) = A\pdp(ps) implies that BC' must be horizontal, i.e., the
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demand equals supply under the bid and ask prices. The objective A ds(ps)(py, — ps)/r is the area of
the rectangle BCEF' divided by r. In Figure 1b, the platform charges the transaction fees ¢, and
¢y, causing the product to be cheaper and more expensive for sellers and buyers. It shifts the supply
and demand curves to the new positions, represented by the dashed lines. The new equilibrium, in
which the shifted demand equals the shifted supply, is represented by D. Interpret f as the x value
of E or C. The constraint A\,d( f) = \pdy( f + ¢, + ¢p) states that D is the new equilibrium after
shift and BC' is horizontal. The objective A.d,(f)(cs + ¢,)/r is the area of the rectangle BCEF
divided by r. In essence, in the thick market, the dealer and the platform are maximizing the same
objective; their decisions, {p,,py} and {cs, ¢}, also coincide ¢, + ¢, = p, — ps at optimality and their

revenues are equivalent after normalization. This observation leads to the next theorem.

THEOREM 3. In the limits of thick markets, two business models ((6) and (12)) share the fol-
lowing properties: (1) The revenues (normalized by the market size) are equivalent. (2) The optimal
bid-ask spread of the dealer p, —ps coincides with the commission fee of the platform c,+c,. (3) The
optimal bid price set by the dealer coincides with the expected utility of sellers in the marketplace.
(4) The optimal ask price set by the dealer coincides with the average payment made by buyers in

the marketplace.

Our model studies a homogeneous product where both sides consist of individual consumers.
Therefore, in a thick market, the impact of each individual’s decision on the entire market is
negligible. This is one of the key reasons behind the equivalence. For example, the equivalence fails
to hold in Abhishek et al. (2016), in which the supply side has only two manufacturers, and the

dealer can soften the competition of the two manufacturers, compared to a marketplace.

4. Numerical Examples

In this section, we conduct a comprehensive numerical study based on linear demand and supply
functions: \ydy(p) = Ap(1 — p)* and Ads(p) = Asmin{p, 1}. Without loss of generality, we always
set A\, = Ay = A which represents the market size. The main goal of this section is to explore
some structural properties that cannot be investigated in a general model. Moreover, we test the
robustness of our major insights for medium market sizes.

The Dealership Model. Figure 3 illustrates the structures of the optimal pricing policy. The
underlying parameters are shown below. The discount factor per time unit for the dealer is e™" =
96.1%. On average, there are A =5 buyers and sellers per time unit arriving at the market. In a
frictionless market, the equilibrium price is given by the intersection of the demand and supply
curves p, = 0.5. From panel (a), the value function of the fluid approximation is accurate for large

x, while the fixed pricing policy performs well for small x. The bid-ask spread is decreasing and
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converging to 0.5 rapidly, although p;(x) and pZ(z) are converging to their limits relatively slowly.
The preferred inventory position (defined in Proposition 1) is given by the intersection of the arrival

rates of buyers and sellers, x, = 3.

—  pila) 1
--- ps (@)
————— Bid-ask spread

0.5 Fmm s e .
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(a) The value functions for the optimal (b) The optimal pricing policy
policy, the fluid approximation, and the
fixed-pricing policy
Figure 3  The optimal solution for the dealership model with linear demand and supply \ydy(p) = 5(1 — p)™*,
Asds(p) =5min{p,1} and r=0.04.
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Figure 4 Some performance measures for the dealership model with \ydy(p) = A(1 —p) T, Asds(p) = Amin{p, 1}

and r = 0.04.

Next, we investigate the performance of the fixed-pricing policy and other quantities of the
optimal pricing policy for different market sizes A\. The parameters in Figure 4 are the same as those

in Figure 3. Figure 4a demonstrates V' (0)/V(0) and Vp(0)/V5(0). When the market is sufficiently



Li et al.: Dealership or Marketplace 21

thick (A > 1000), both the optimal pricing policy and fixed-pricing policy lead to a similar revenue
relative to that of the fluid approximation. In Figure 4b,we plot the average bid and ask prices
in the steady state.” Both prices increase in the market size and finally converge. Figure 4c shows
that the preferred inventory position of the dealer increases as the market becomes thicker. A thick

market leads to stronger stochastic fluctuations, and requires the dealer to have a larger buffer.

0.8 ‘ T
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0 5 10 15 20 0 ) 10 15 20
m m
(a) The platform’s revenue under the (b) The seller’s expected utility
optimal policy and the payment by buyers under

the optimal policy
Figure 5 The optimal solution for the marketplace with linear demand \,dy (p) = 5(1—p) ™, A\sds(p) = 5min{p, 1},

r=0.04 and k= 0.02.

The Marketplace. We use the same set of parameters  and A as in Figure 3. The sellers have
a waiting cost k =0.02 per time unit before their items are sold. Figure 5 illustrates the structure
of the optimal pricing policy. The optimal fee is approximately 0.46. When the charged fee is low,
the platform makes little profit per transaction; when the charged fee is high, the expected number
of transactions decreases. The optimal transaction fees charged by the platform is close to the
thick-market policy 0.5, suggested by (12). From Figure 5a, we can see under the optimal policy,
the platform’s revenue Vj,(m) is increasing and concave in the number of sellers in the marketplace
m. The monotonicity and convexity of the seller’s expected utility f,, and the payment made by
the buyers in m can be observed in Figure 5b. The mode of the steady-state distribution of sellers
is given by the intersection of the arrival rates of buyers and sellers, i.e., M* =1.

Figure 6 illustrates the convergence (see Proposition 4) when the market sizes grow. From the
figures, it is clear that the steady-state distribution does not become more concentrated. It is the
combination of “flatter” f,, and m,, that leads to our technical characterization of the convergence

in Proposition 4.

9 Since the bid and ask prices are set based on the current inventory, we take the average when the inventory reaches
the steady state under the optimal policy.
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Various quantities in the marketplace for different market sizes. \ydy(p) = M(1 — p)*, sds(p) =

Amin{p,1}, r=0.04 and x=0.02.

We proceed to investigate the performance of the thick-market heuristic and other quantities
for different market sizes A. Figure 7a demonstrates the platform’s long-run average revenue of the
optimal policy and the thick-market policy, which performs well even for medium market sizes.
The pattern is similar to Figure 4a and validates Theorem 3 that both business models are equally
profitable in a thick market. As shown in Figure 7b, both the seller’s average utility and the average
payment of a buyer converge as the market size grows. However, the expansion of the market
does not uniformly benefit the sellers and their utility may decrease as a result. This is caused by

the heightened competition among sellers: there are more potential sellers when the market size
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Figure 8 Comparison of two models with \ydy,(p) = A(1 —p)™, Asds(p) = Amin{p, 1} and r =0.04.

increases and they are more likely to join thanks to the higher demand rate. In other words, the
growth of the market may intensify the competition and thus hurt existing sellers on the platform.

Figure 7c shows that the average number of sellers also increases, as they see more potential
profits from the increasing number of buyers. This is consistent with Figure 4c where the dealer
also stocks more inventory as A increases.

Finally, we compare the two business models under the optimal policies. The underlying param-
eters of Figure 8 and Table 3 are the same as those in Figure 7. As the theory predicts, when
the market is thick, the firm’s revenues in both models converge to the same limit. For the set of

parameters (k= 0.02), the firm is always better off acting as a dealer due to the waiting cost k&,
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which is a free parameter the dealership model does not have. If we set x = 0.001 instead, then the
revenue of the marketplace dominates the dealer’s profit except for a very small .

In Figure 8b, we compare the bid-ask spread of the dealer and the optimal fee of a platform.
Both quantities converge to the same value when the market size grows. The optimal transaction
fees are always increasing in the market size, however, the average bid-ask spread is not necessarily
monotone. In Figure 8¢ and Figure 8d, we compare a few measures related to the surplus of
consumers: In the dealership model, we plot the average bid and ask prices experienced by buyers
and sellers; in the marketplace, we plot the average utility of a seller (f,, averaged over the steady
state) and the average payment made by buyers (the cost of the product plus the transaction fee
paid to the platform). We can see that in general, the prices are rising when the market size grows

or the sellers become more patient.

WA

M+ \,)/2 0.001 0.01 0.1 1 10 100 1000
0.001 D D D D D D D
0.003 D D D D M M M
0.01 P D D M M M M
0.03 D D D M M M M
0.1 D D M M M M M
0.3 D D D M M M M
1 P D D M M M M
3 D DIM D M M M M
10 D D DM M M M M
30 D D D/M DM M M M
100 D D/M D/M D/M D/M D/M DM
300 D/M DJ/M D/M D/M D/M DM DM
1000 D/M DJ/M D/M D/M D/M DM D/M

Table 3 The more profitable business model, depending on the market size A\, + A\s and the composition of
buyers and sellers )\, /)\;. The notation D/M indicates that both models are equally profitable, with a revenue

difference less than 2%.

In Table 3, we show which business model is more profitable with x = 0.001, for different market
sizes and compositions of buyers and sellers. Consistent with Theorem 2 and Theorem 3, when the
market size is sufficiently large, these two models are equally profitable. When the market size of
buyers is relatively small, the dealership model is more profitable. When the market size of sellers
is relatively small, the marketplace is more profitable.

Consumer Surplus. Next, we numerically explore the consumer surplus.

The Dealership. As € and (), are the random valuations of buyers and sellers, once the dealer
purchases one product from a seller at price p,, the expected surplus of the seller is E[p, — €2, |

Q, <p,]. Similarly, the expected surplus of the buyer is E[€, — p, | 2, > ps] for price py. Therefore,
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given the stationary distribution 7(-) and the optimal prices p,(-) and p,(-), we can compute the

long—run average consumer surplus as

[e )

So="3" (i) (NP ()EI — po(5) |00 > ()] + Al (. ()Elp(3) — 9, |9, <pa(0)])-

The Marketplace. Once a seller joins the market with m sellers, her expected surplus is E[f,,4+1 —
Q| Q5 < fruy1]. Once a buyer makes a purchase with m sellers, her expected surplus is E[Q;, —
fme1 —w | Qy > frno1 +w]. Given the stationary distribution 7 (), the transaction fee w and the

expected utility f,,, we can compute the long-run average consumer surplus as

M
Saa= w0 (Mo fis + wIEIQ — fis —w | Q= fioy + ]

i=1

A (i) Elfir = Q| Q0 < fia]) + m(ONd, (B — 0|2, < f1]

Using the same parameters as Table 3, Table 4 shows which business model benefits consumers
more. Similar to our discussion of Theorem 2, when the market size of buyers is relatively small,
the market is not attractive to sellers and the resulting low transaction volume limits consumer
surplus in the marketplace. When the market size is large or the market mainly consists of buyers,
the marketplace not only generates higher profits for the platform but also induces higher consumer
surplus. Compared with the dealership, the marketplace extracts less consumer surplus (bid-ask
spread/transaction fee) per transaction (see Figure 8b) but benefits from the larger transaction
volume, leading to higher consumer surplus. Specifically, due to the inventory risk, the dealer
conservatively purchases buffer inventory from sellers and exploits its pricing power to earn a large
bid-ask spread, resulting in a relatively low transaction volume. In contrast, given a high demand
rate and the small waiting cost, the marketplace can attract sizable sellers waiting on the platform,

resulting in large transaction volume.

5. Extensions
5.1. Exponential Discounting and Percentage Fees

In this section, we show how to extend our base model in Section 2.2 to incorporate exponential
discounting and percentage fees. In particular, the seller’s utility joining the marketplace of m
sellers in (7) is replaced by f,, = E[e "*"p|, where r, is the discount factor for sellers. We also
assume that the fee is proportional to the transaction price and fully paid by the buyer. That is,
when the ask price is p on the marketplace, the buyer pays a total of (1 + «)p, among which ap is
paid to the platform. To derive the HJB equation, note that within the next dt period,

fm = (1 - rsdt) (Abdb((l + O‘)fmfl)dtfmfl + )‘st(ferl)dtferl
(1= Moo (L + @) ) = Ay (Fons 1)) ) (13)
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)\b/>\s

BNy 0.001 001 01 1 10 100 1000
0.001 D D D D D D D
0.003 D D D D M M M
0.01 D D D M M M M
0.03 D D M M M M M
0.1 D D M M M M M
0.3 D D M M M M M
1 D M M M M M M
3 D M M M M M M
10 M DM DM M M M M
30 D D/MDM M M M M
100 D D/M D/M D/M D/IM M M
300 D D/M D/M D/M D/M D/M DM
1000 D/M D/M D/M D/M D/M D/M DJM

Table 4 The business model with higher consumer surplus for different market sizes and supply-demand

imbalances.

for m > 2. That is, the first term is the expected utility when a transaction happens and the number
of sellers decreases by one, the second term refers to the event that a new seller joins, and the third
term is the event that the number of sellers doesn’t change within the period. Similar to (8), it
allows us to derive the system of equations that characterize f,,:
_ Moy (14 ) fo) fo + Asds(f2) fo
f1 =max
o Urg+ Xdy (1 + @) fo) + Asds(f2)

_ )\bdb((l—i_a)fmfl)fmfl+)\sds(fm+1)fm+1 m>2
rs_‘_)\bdb((l_'_a)fmfl)+)\sds(fm+1) ’ -

fm

Similar to the base model, given the values of f,,, we can formulate the equations for the platform’s

discounted revenue Vy((m) when there are m sellers in the marketplace:

TVM(O) :)\sds(fl)AVM(l)
rVau(m) = Xsds(frns1) AV (m 4+ 1) + Xpdp (1 4+ @) frn1) (@ frno1 — AV (m)), ¥Ym > 1.

To ensure the finiteness of the marketplace, we impose Assumption 2. Moreover, we assume that

there exists a minimum positive price for the seller to accept.
ASSUMPTION 3. There exists p >0 such that d,(p) = 0.

Under Assumptions 1, 2 and 3, we can show that Lemma 1 still holds. In particular, the endogenous
capacity of the marketplace M satisfies M <2\, In(p/p)/rs. In fact, we can show that the seller’s

utility of joining a marketplace with m sellers is upper bounded by

_ rs(m+1) B

fon = E[e—m‘rﬁ] < e—rsE[T]p <e P,
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where the second inequality follows from Jensen’s inequality and the last inequality follows from

E[r] > 7,2,7421 (see the proof for Lemma 1 in the online supplement). As a result, when m >

2\, In(p/p) /s, the seller’s utility of joining is less than p and thus no new sellers are joining.
The Thick Market. After solving f,, and Vy(m), we can calculate the steady-state discounted

revenue for the platform:

PV = z_: Tl (Fur) AVia(m +1) + > muMudy (14 @) frno1 ) (@ f o1 — AVpi(m))

M

= Ty (1+ @) frnm1) (@fins),

where the steady-state probability satisfies 7, 1 Asds(fin) = TmAedp((1+ @) frn_1 +w). In the thick
market, it is easy to show that Vi — 2Xdy((1 + ) f) (af), and we have formulated a similar
revenue-maximizing problem to (12):

max “Ad,(F)(af), subject to Ada(F) = Nods((1+ ) f), (14)

a,w>0 7

It is clear that the optimal revenue of the platform in the thick market remains the same under
exponential discounting and percentage fees. The result suggests that as the market becomes
thicker, there is less need for the marketplace to extensively examine the selection of the fee
structure (fixed/proportional) and sellers’ waiting behavior (linear/exponential waiting cost). In
this case, the pattern in Table 3 can still be observed in the numerical experiments and the insights
are the same as the base model. Moreover, similar to Theorem 2, when 7, > 2, In(p/p) or Ay <

m, we can prove that the dealer earns more profits than the marketplace.

5.2. Vertically Differentiated Products
Consider two types of vertically differentiated products.'” The arrival rates of sellers holding these
two products are s ; and Ao, and their private WTS for product i € {1,2} are denoted by €2 ;.
Therefore, the expected supply is given by d, ;(p) £ P(Qs,; < p). For buyers, their valuations for the
products are (6,2,605€2,), where €, is random and (6;,6,) are known. One can interpret (6;,6,)
as the quality of the two products and €2, as the random sensitivity to quality. Thus, given price
(p1,p2), the demand for product one is dy 1(p1,p2) 2P0, — p1 > 0,9 — pa; 0.9 —p1 >0). The
demand for product two can be defined similarly. The arrival rate of the buyers is A,;.

The Dealership Market. In the dealership market, when the current inventory levels are

x1,%s € N, the dealer uses the bid and ask prices py;(t) and p,;(t) to maximize the expected

revenue over an infinite horizon discounted at rate r. To formulate the HJB equation, we let

10 The formulation can be further extended to the n-product case. To overcome the curse of dimensionality, we may
use approximate dynamic programming to speed up the computation.
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A Vp(z1,x9) = Vp(x1,22) — Vp(1 — 1,22) and AgVp(xy,22) = Vp(x1,22) — Vp(x1,22 — 1) be the
marginal values of product 1 and 2, respectively. Then, the value functions satisfy the following set
of equations:

rVp(xy,m2) =X, max_ {dy1(Py,1,P.2) (D1 — D1V (21, 22)) + dy2(Po,1,Pb.2) (o2 — DoV (1, 2)) }

Pb,1,Pb,220

+Asl maX ds l(p )(AIVD(xl—i—laxQ)_ps,l)

Psl

+ As2 Inax 5.2(Ds.2)(AdVp (21,22 +1) —pe2), T1,22>1

rVp(0,22) =X, Jmax {db 2(00,p1,2) (Pr2 — DoV (21, 22)) } + Ao 1 max ds 1(Ps1) (A1 Vp(x1 +1,22) — psn)
+)\Sg Jmax d 2(Ps2)(AoVp (21,204 1) — psﬁg), xe>1

rVp(x1,0) =X, max {db 1(Dp1,00)(pp1 — Alvp(xl,xg))} + A1 prggco ds1(ps1)(A1Vp(x1 +1,22) — psn)
+ )\5,2 Jnax, ds2(ps2)(A2Vp (21,22 +1) = ps2),  z121

TVD(O, 0) :)\s,l pmafo ds,l(ps,l)(Alvp(fUl + 17932) —Ps,l) + )\5,2 pmg(o d5,2(ps,2)(A2VD(3C1,CU2 + 1) —ps,2)~

Similar to the base model, we consider the optimization problem in the fluid approximation.

_ 1
V(0,0) = max ()\s 1ds1(Ps,1) (Po1 — Ps,1) + As2ds 2(Ds.2) (Py,2 — Ds, 2))

Ps,1:Ps,2:Pb,1:Pb,2 T

st. As1dsa(Ps1) = Nodp1 (Po1,Pb,2)s As2ds2(Ds,2) = Aodp 2 (Do, Db 2)-

To interpret it, note that the constraints require the dealer to set the bid and ask prices for both
products to balance their supply and demand. The objective is the discounted profit from selling
both products.

The Marketplace. For the marketplace, we let f! be the expected utility of a seller selling

x1,To
product ¢ (type-i seller) when there are x; type-i sellers. Because the sellers can adjust prices

1

continuously, by the same argument as the base model, we must have p, . = f) _,,, and pilM =

2

o ay_1, Where pl . and p? - are the ask prices for the two products. We also let p2 ;= oo and

Pg.2, = 00 by convention. The firm charges w; for the transaction of product i. Similar to (8), we
have a set of recursive equations characterizing the values of f' _ shown in Section EC.10 of the

T1,T2

online supplement. With f? one can derive the value functions for the platform Vi (z,25;) as

1,227
well as the discounted revenue in the steady state V.

We conduct a numerical experiment to compare the profitability of the two business models. We
consider different market sizes (measured by A, + A;) and supply-demand imbalances (measured
by Ao/As). We set Q, ~U[0,1], Qs,; ~ UJ[0,1], As1 = As2=As and (01,02) = (1,0.5). Table 5 shows

the more profitable business model under different conditions. The pattern is similar to Table 3:

The marketplace is more profitable when the market size is larger.
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)\b/>\s

o+ AT 0.001 001 01 1 10 100 1000
0.001 D D D D D D D
0.003 D D D D D D D
0.01 D D D D D M M
0.03 D D D D D M M
0.1 D D D M D M M
0.3 D D D M M M M
1 D D D M M M M
3 D D D M M M M
10 D D DM M M M M
30 D D DMDM M M M
100 D D/M D/M D/M D/IM M M
300 D D/M D/M D/M D/M D/M M
1000 D/M D/M D/M D/M D/M D/M DM

Table 5 The more profitable business model for different market sizes and supply-demand imbalances.

5.3. Thin Market: A Special Case
In this section, we study a special thin market to complement our analysis of the thick market.
In the thin market, because of the scarce supply and demand, the dealer holds at most one item
because the waiting cost for a future buyer in the form of discounting outweighs the benefit of
holding more inventory. Similarly, at most one seller will participate in the marketplace. For ease
of analysis, we assume that the demand functions of buyers and sellers are dy(p) = (b — p)™ and
ds(p) = 1,54, , respectively.'!

The Dealership Market. Following the notation in Section 2.1, we derive the HJB equation

as follows:

rVp(0) = Asmax {11, (AVp (1) =p,) }
TVD(l) =X gslgﬁ {1p52b2(AVD(2) _ps)} + X g;g%i {(bl _pb)+(pb - AVD(I))}

rVp(z) = A max {150, (AVD(z +1) = po) } + N gﬂ%‘i{(bl — )" (pp — AVp(2)) }.
s b=

where recall that AV (z) represents the marginal value of one unit of inventory when the current
inventory is . As a result, when AVp(1) > by > AVp(2), it is optimal for the dealer to set an ask
price to buy from the seller when he holds no inventory because the marginal value of the first unit
is higher than the buyers’ valuation. On the other hand, the marginal value of the second unit is
lower than the valuation of the buyers, and it is never optimal to buy the second unit. We can

show that this condition is met when )\, falls in a range.

! The indicator function can also be approximated by a continuous function satisfying Assumption 1.
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LEMMA 2. When A\, € [0, (bﬁ%;)g ), the dealer does not hold inventory and the long-run discounted

revenue in the steady state is Vi = 0. When \, € [22" Bhyr

(b1—b2)27 (b1—b3)?

|, the dealer holds at most one

unit of inventory and the long-run discounted revenue in the steady state is

* )\S
Vo= X (6 —7)

where ¢ = \/bl)\b()\s +7) = b A As + (As +7)2.

oAy (=S +2X+7) + 2N +7) (s = Ag —7) + b1 Ay (¢ — 22X, — 27) (15)

The Marketplace. We observe a similar phenomenon: when the arrival rate of the buyers is
small, only one seller is willing to join the marketplace. That is, the endogenous capacity is M = 1.

More precisely, we can show that

LEMMA 3. When A\, € [O’Qﬁ#)’ there is no seller in the marketplace and the long-run dis-

counted revenue for the platform in the steady state is Vi =0. When \, € , there

[ 4k 25K ]
(b1—b2)?2 7 4(b1—b2)?
18 at most one seller in the marketplace and the long-run discounted revenue for the platform in

the steady state is

vV K/)\bAs(bl —b2 -2 )\ﬁb)
N VENT + AT ’

Vi (16)

and the optimal fee is w* =b; — by — 2 /\%
Lemmas 2 and 3 allow us to compare the two business models.

LEMMA 4. Suppose the conditions of Lemmas 2 and 3 are satisfied. Fixing the total market size
A + A, we have: (1) The optimal bid-ask spread p;(1) — p(1) and the optimal transaction fee

increase in the demand-supply imbalance N,/ . (2) When N,/ A is sufficiently small, the preferred
business model is the dealership; when Kk < r(zwblki; T g Mo/ s is sufficiently large, the

preferred business model is the marketplace.

From Lemma 4, we are able to derive similar results to Theorem 2 and validate the pattern
in Table 1 theoretically, which can only be numerically demonstrated without the thin-market
conditions. In particular, when the market size is fixed, the imbalance of the demand side over the

supply side favors the marketplace model.

6. Conclusion

We build dynamic models for the two most common business models in two-sided markets: deal-
ership and marketplace. For the marketplace, we use Markovian dynamic games to capture the
waiting cost of sellers without resorting to queueing models. The competitive nature of the sellers
allows the framework to yield a tractable transient analysis of the equilibrium. Although having

distinct features and facing different trade-offs, the two business models exhibit a fundamental
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connection, illustrated by Figure 1. In particular, when the two sides of the market get thicker, the
optimal revenue earned from the two models converge and the optimal pricing/commission policies
can be simply translated to each other. Our study provides new economic insights when comparing
the two business models. We also provide a few case studies and economic insights in Section EC.5

in the online supplement.
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EC.1. Remarks for Assumption 1 and Proposition 1

Assumption 1. The first assumption is common in the literature of dynamic pricing, e.g., Gallego
and van Ryzin (1994). The second assumption guarantees the existence of a unique equilibrium
price p. > 0 such that A\ydy(p.) = A\ids(pe); in a competitive equilibrium without dealers, it is
given by the intersection of demand and supply curves. The last technical assumption is that
the suprema are attained in the definitions of R, and R,. A sufficient condition is that d,(p)
and d,(p) are continuous in p > 0 and d,(p) = o(1/p). Most classic demand (supply) functions
satisfy this condition, e.g., linear demand and exponential demand. For any z > 0, define P,(z) =
argmax,>, Ry(p, z) and P,(z) £ argmax,.,R,(p,z). Elementary comparative statics reveal that
P,(z) and P;(z) are nonnegative and increasing in z > 0. Note that this standard assumption also
guarantees the sufficiency and necessity of the HJB equation, similar to Gallego and van Ryzin
(1994), Ghuloum et al. (2022).

Proposition 1. In our model, the bid-ask spread arises from the concavity of Vp(x) as it implies
that pj(z) > AVp(z) > AVp(x+ 1) > pi(x), i.e., the marginal value of inventory must be straddled
by the spread. Note that the bid-ask spread does not necessarily straddle the equilibrium price
Pe, at which demand and supply cross, i.e., A\ydy(pe) = Asds(pe). The monotonicity of p*(x) in the
dealer’s inventory level is intuitive: As z increases, the marginal value of inventory decreases and
the dealer is unwilling to buy more, thus the bid price decreases. Combining with lim, ., p*(z) =0,
it implies that if the lowest valuation of sellers is above 0, there are no sellers willing to sell to the
dealer when the dealer’s inventory is higher than a threshold. The monotonicity of pj(z) in the
dealer’s inventory level follows from Gallego and van Ryzin (1994): The ask price increases in the
“scarcity” of inventory, as AVp(z) decreases in x. However, the bid-ask spread is not monotone in
x in general. With unlimited inventory, the dealer does not need to replenish the inventory from the
sellers and simply optimizes the revenue rate from the buyers. When the interest rate increases (or
the market sizes decrease), the dealer lowers the bid and ask prices to avoid the high inventory risk,
or maintain the turnover rate. The mean reversion of the inventory is consistent with the findings
in Amihud and Mendelson (1980), Li et al. (2019). This phenomenon occurs due to the inventory
risk: The dealer is unwilling to keep a very low level of inventory, as potential buyers might be
turned away if £ =0 due to stochastic fluctuation; on the other hand, he is unwilling to stock too
much, as the inventory risk is high because of the discounting. As the market size increases (A,
and )\, increase), the dealer needs more inventory as a “buffer” to counter the increasing stochastic
fluctuation. This explains the monotonicity of z,. It implies that for a thicker market, the dealer

is willing to keep more inventory to hedge the inventory risk.
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EC.2. Proofs for Section 2.1

Proof of Proposition 1: Part one is just the same as part one of Proposition EC.3 in Section EC.7.
Recall that p;(x) = argmax,-{dy(p)(p — AVp(x))}, and p;(z) = argmax,5,{ds(p)(AVp(z + 1) —
p)}. For part two, it is straightforward as p*(z) < AVp(z+1) < AVp(z) < p;(x).

For part three, as lim, . AVp(z) =0, lim,_,o p}(z) =0 and lim,_, ., p; (x) = argmax,{d,(p)p}.
From Proposition EC.3, AVp(x) is decreasing in z and % < 0. Then by Lemma EC.3 in
Section EC.7, we have the monotonicity of p;(z) and p*(z). The dependence on the market size
when A, and A\, change in proportion, is just the opposite to that of r.

The properties about the preferred inventory level follow directly from the monotonicity of p*(z)
and p;(z). O

Then, we show the properties of the value function of the fluid approximation.

PROPOSITION EC.1. The value function Vp(x) satisfies the following properties:

1. Vp(z) is increasing and concave in x.

2. Vp(x) is an upper bound of Vp(z) and lim,_,o Vp(x) = lim,_,o Vo (z) = Ay Ry(0) /7.

Proof of Proposition EC.1: By the coupling argument, it is easy to prove that Vp(x) is strictly
increasing in z. For concavity, note that we must have \,d,(p; () > Asds(p%(x)) for all z >0, i.e.,
the inventory is always being depleted. This is because in the fluid approximation, there is no
randomness and it is never optimal to stock more inventory. Because Vp(x) is strictly increasing

in x, we must have that for any x >0,

where the second equality follows from the envelope theorem. Therefore, V7 (z) <0 and Vp(z) is

increasing concave.

For part two, it is easy to show that lim, ., Vp(z) = A\yR,(0)/7.

Next, we show that V(z) is an upper bound for V(x). Because V(x) is concave, AVp(z) >
Vh(z) > AVp(x +1). By the property of R, and R, in Lemma EC.3 in Section EC.7, we have

rVp(x) = MR (Vi () + AR (Vi () > M Ri(AVp(2)) + AR (AVp (2 + 1)),
for & € Z*. Moreover, by the continuous differentiability of Vp, we have
rVp(0) = MRy (V5(0) + ARs(Vp(0)) 2 AR(V5(0) = AR (AVp(1)).
The HJB equation in (1) can be formulated as linear programming,

Vo(y) =min  F(y)
subject to  rF(0) > AR (AF(1)),
rF(z) > MRy(AF(2)) + A\,R(AF(z+1)), for any z € Z™.



e-companion to Li et al.: Dealership or Marketplace ecd

Clearly, Vp(z) is a feasible solution to the problem above, then Vp(z) < Vp(z). O

Proof of Proposition 2: When the dealer adopts the fixed pricing policies in (6), the dynamics
of the inventory follow that of a state-independent M/M/1 queue. Denote Vp(z) as the expected
discounted profit for this policy with x units of initial inventory. By the Markovian structure, we

have

(r 4 Aody(Bo) + Aed (95)) Vi () = Nody (90) Vi (@ — 1) + Aod, (9) Vi (2 + 1)
+ﬁb)\bdb(ﬁb) _ﬁs)\sds (ﬁs) T > 07
(7" + )\sds(ﬁs))VD(O) = )\sds (ﬁs)VD(l) _ﬁs)‘sds(ﬁs)' (ECl)

From the first equation above, Vp(z) must be of the form Vp(z) = Cys? + Cys7 + (Do Aody (D) —
PsAsds(Ps)), where 0 < 5o <1 < s; and sy and s; are the two solutions to A\,d,(ps)x* — (7 + Npdy (Ps) +
)‘sds(ﬁs))w + )\bdb(ﬁb) = 07 with

_r + Abdb(ﬁb) + Asds (ﬁs) _ \/(T + Aods (pb) + Asds (138))2 — 44X Ad,s (ﬁs)db(ﬁb)
a 2Xsd(ps)

So S (0,1)

Since Vp(z) is bounded above by the same argument as in Proposition EC.3 in Section EC.7, we
must have C; = 0. By the boundary condition, the last equation in (EC.1),

ﬁb)‘bdb(ﬁb)

- <0.
7+ Asds(Ps) (1 — 50)

C() -

Now scale demand and supply simultaneously by n, i.e., (A},A7) = n(\,,\;) and denote
Vi (), V5 (2),V5 () as the corresponding value function in the original problem, fluid approx-

imation and the fixed pricing policy, respectively. Denote d,, = n\ydy(pPp) = nAsds(Ps). Then

- _ Dy
Vi () — VI (0)] = |Cols® < |Cy| = Pyln —0(Vn).
| D (‘T) D ( )| ’ 0‘80—| 0| r_i_(\/m_r)/Q (\/ﬁ)
S (n) (o _ : V5@ _ = (n) (n) > (n)
As V3" (z) =Q(n), lim, T = 1 and V3" (z) <Vy"(z) <Vp"'(x), we have the result. [
D

EC.3. Proofs for Section 2.2

Proof of Lemma 1: Given Assumptions 1 and 2, we first provide a lower bound for the expected
waiting time when there are m sellers, E[,,]. Consider a case when no new sellers will come, buyers
arrive with the largest effective rate Ay, and all sellers have the same chance to sell their products.

In this case, each seller’s expected waiting time is

- ~1i m+1
P(sell to i-th buyer)E[Arrival Time of the i-th buyer| > —— = ,
> P( yer)E[ Y]_z;m)\b W

(EC.2)

1=1 i=

which is apparently a lower bound for E[r,,].
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Then, the capacity M can be upper bounded by a constant 2p\,/x because when m > 2pA,/k—1,

we have

m+1<0

fon =E[pm — ¢s — k7| <Dp—KE[1,] <p— K <0,
2

where the first inequality holds because p < p and ¢, > 0. The second inequality holds due to
(EC.2). O

EC.3.1. Proof of Theorem 1
We first introduce some notations, and a few auxiliary results used in the proof. Define f* as
the unique solution to A\,Ry(f*) = Ay max,o{dy(p+w)(p — f*)} = x.'> Define f** as the smallest

positive solution to Aydy(f** +w) f** = k if there exists such a solution or +o0o otherwise. Note that

when f* >0, f** < +o0o exists and W |p= > 0." We also define the following function
R(z;y,2) = Ndp(z 4+ w)(z —1y) — k — A\ds(2) (y — 2). (EC.3)

Using this function, the recursive system (8) can be rewritten as

SupR(a?;flva) = 07
R(fmfl;fmafm+1)zovm22~ (EC4)

Now we are ready to prove Theorem 1. Note that from the definitions of f* and f**, we only
need to establish the proof for three separate cases: f* <0, 0 < f* < f** and f* > f** > 0. The
proof is organized as follows: In Section EC.3.1.1, we prove the existence of solutions to (8) when
f*<0or0< f*<f*. In Section EC.3.1.2, we prove the existence of solutions to (8) when f* >
f**>0. In Section EC.3.1.3, we demonstrate the properties that any solution to (8) will satisfy.
Using these properties, we then prove that the solutions that have been found in Section EC.3.1.1
and Section EC.3.1.2 are the unique solutions to (8). Thus there exists a unique Markov perfect

equilibrium of the dynamic game.

EC.3.1.1. Existence: f*<0or 0< f* < f**. When f*<0or 0 < f* < f**, then we can show
that

% . K
flzf ) fm_fmfl_ )\bdb(fm_1+w) m22 (EC5)

12 To show that f* always exists, note that lim._, o 7~2b(z) =0 and lim,_,_ ﬁb(z) = 400, and t~hat ﬁb(z) is con-
tinuous. To show the uniqueness, note that by the similar proof in Lemma EC.3 in Section EC.7, Rs(-) is monotone.
Moreover, Ry, (2)|:=+ = —Aodo(Po(f*) + w) < 0, so Rep(2) is strictly decreasing at z = f*. This implies that f* is
unique.

BTf £ >0, then max,{\odp(p+w)p} > max,{ Xodp(p+w)(p— f*)} = k. Therefore, f** exists. Moreover, by Assump-

tion 1, Apdp(p 4+ w)p is unimodal in p € [0,00). Because f** is the smaller solution, we have %ﬁ"m)p lp=p==>0.
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is a solution to (8). In fact, if f* <0, then f, < f; = f* <0. Therefore, M =0 and (8) degenerates
to a single equation x =max g, {\vdy(fo +w)(fo — f1)}, which holds when f; = f* by the definition
of f*.

If 0 < f*< f*, then from the definition of f** (see Footnote 13), f* < f** < p* £
argmax,s{ A\ydy(p+w)p}. By Assumption 1, \yd,(p+w)p is increasing in [0, p*) and thus Apd, (f* +
w) f* < \dy (f** +w) f** = k (by definition of f**). Therefore, fo = f* — m <0,so M=1
and (8) again degenerates to a single equation x = maxy, {\ydy(fo +w)(fo — f1)}, which holds for
Hi=r"

EC.3.1.2. Existence: f* > f** > (0. To show the existence of solutions to (8) when f* > f** >
0, we design Algorithm 1 (see Section EC.6 in the additional material). The algorithm is based on
the following intuition: Assign a value to fj;, then recursively compute fy,_1, far—2, ..., fi using
the Mth, (M —1)th, ..., second equation of (8). Then check whether the first equation of (8) holds.
Since M is not known in advance, in the algorithm, we use X,, to denote fy;1_,,. When backwards
calculating X,, 1, we use R(X,11;X,,X,_1) =0 due to (EC.4). The additional constraint in the

W ls=x,,, > 0 will be specified in Lemma EC.2 as a necessary condition for

computation
any solution to (8).
The algorithm takes an input a, which is a candidate solution for f;. If the output is Ry =0,

N <00, Xo<0and X, >0 for ¢ >0, then [Xy, -, X, Xo] must satisfy

9

, 1<n<N.

sup R(z; Xy, Xn_1) =
R(fn+l;fn>fn—1) =

It solves (EC.4), or equivalently (8) , by substituting M =N, fi =Xy, -+, far = X1, faurr1 = Xo.

0
0

Denote N(a) as the output of N when the input is a. Similarly, we introduce X,,(a) and R, (a)
for fixed n. First, we point out some facts for the proposed algorithm, based on Assumption 1 and
Lemma 1 and the following conditions: f* > f** >0 and a € [0, f**]. These facts are then used to
prove the existence of solutions to (8) when f* > f** >0 based on Algorithm 1.

Fact 1: X,(a) <0, Xo(a) < X;(a) and d’\bdb(”ﬁ(“XO(G)) le=x,(a) > 0.

This fact states that if fy; =a € [0, f**], then fy1 = Xo(a) <0. So the choice of a is proper.
Proof of Fact 1: By their definitions in the algorithm, X;(a) =a >0 and Xy(a) < X;(a). Let

p* & argmax,so{ \pydy(p + w)p}. By the definition (Footnote 13), f** < p*. By Assumption 1,
Mody(p 4+ w)p is increasing in [0,p*). Then as a < f** < p*, Mydy(a +w)a < Mdy (f** +w)f** =k

and thus Xy(a) =a — m < 0, where the equality holds only when a = f**. When a = f**
d)\bdb(:v+w (:L’ Xo(a))‘ d)\bdb cc+w T ‘I -

> 0, where the inequality is due to the definition of
fr When a< f*, Xo(a) <0 and thus

Aodp (X1 (a) +w)(Xi(a) — Xo(a)) == Ndp (f +w) [ < Xedp(f™ +w)(f — Xo(a)),
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where the first equality is due to the definition of Xy(a) in the algorithm and the second equality
is due to the definition of f**. Due to Assumption 1, A\ydy(x + w)(x — Xo(a)) is unimodal in x and
as Xi(a) =a < f**, the inequality above leads to d’\bdb(wﬂs);x_xow)) lo=x,(0y>0. O

Fact 2: If R,,(a) >0, X,,;1(a) exists and is unique. Moreover, X,,1(a) > X, (a)+
0.

i > Xala) >
This fact states that for any input a € [0, f**], there is a unique output by the algorithm.
Proof of Fact 2: As X;(a) =a>02> X,(a), we have R(0;X;(a),Xo(a)) <0. By Assumption 1,
R(z; X1(a), Xo(a)) is unimodal in x € [0,00). Then if R;(a) = sup,-, R(z; X1(a), Xo(a)) >0, there
exists a unique X (a) > 0 satisfying R(Xz(a); X:(a), Xo(a)) =0 and W lo=X5(a)> 0. As
R(X3(a); Xi(a), Xo(a)) = Aeds(X2(a) + w)(Xs(a) — Xi(a)) — £ — Auds(Xo(a))(X1(a) — Xo(a)) = 0
and X;(a) > Xo(a), we have A\pydy(X2(a) +w)(Xa(a) — X1(a)) — k > 0. That is, Xs(a) — Xi(a) >

Sa T > aagm > 0- By induction, if R,(a) >0, X,.41(a) exists and is unique. Besides,
Xnt1(a) > Xn(a) + 5750 > Xu(a) 20, O
Fact 3: N(f*) = N(0) = 1> 0, Ry (0) = Ryy_1(f**) <0 and Ry g)_1(0) > 0.

This fact checks the property of two extremes of the input a € [0, f**].
Proof of Fact 3: By the step in the algorithm, R;(0) =sup, R(z;0, —m) = max,{\ydy(p +
w)p} — k > 0, where the inequality is due to f* > 0. From the algorithm, it will lead to N(0) >
1. Clearly, Xo(f**) =0, X;(f*) = f**, X1(0) =0 and X,(0) = f**. Therefore, there is always a
lag of one when using the input a =0 and a = f**. One can check that X, (0) = X,,_;(f**) and
thus N(f**) = N(0) —1 > 0. From the condition that the algorithm stops, we have Ry()(0) =
Ry (f**) = Rn(0)-1(f**) <0 and Ry()-1(0)>0. O
Fact 4: N(a) < 4o0.
Proof of Fact 4: From Fact 2, X, (a) > X;(a) + ;:(;71(25) If N(a) is infinite, then when n — oo,
X,(a) > X,_1(a) = +o0, which will lead to R, <0, in contradiction with the condition that the

algorithm stops. [

LEMmA EC.1. Under Assumption 1 and 2, when f*> f** >0, there exists a unique a* € (0, f**]
such that when the input is a*, Algorithm 1 outputs Ry =0, N < oo, X <0 and X; >0 fori>0.
That is, one solution to (8) can be found by setting M = N(a*), fi = Xn(a*), -+, fu = Xi(a*),
farer =Xo(a®).

Proof of Lemma EC.1: We divide the proof into several steps.

Increase the input @ — a + Aa by an infinitesimal positive amount Aa. Denote N =
min{N(a), N(a+ Aa)} and X, (a+ Aa) = X,,(a) + AX,, for n < N. With a slight abuse of notation,
we use X, to refer to X, (a) below.

Step (1): AXg>-->AX, > >AX; >AX,>0.
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Note that X():Xl— ) and X0+AXO:X1+AX1—

Nod (G Tw) ; from Step 3 in

)\bdb(leAXlJr’w
the algorithm when the input is a and a + Aa respectively. These equalities can be rewritten as

Apdp (X1 +w)( Xy — Xo) =k and N\pdp (X1 + AX; +w) (X7 +AXy) — (Xo+ AXp)) = k. Therefore

0 :)\bdb(Xl + AXl + w)((X1 + AXl) — (XO + AX())) — Abdb(Xl + ’LU)(Xl — Xo)
_d,)\bdb(x~|—w)(:1:—XO)
N dz

|w:X1 AXl — Abdb(Xl +w)AX0

d\pdp (x+w)(z—
1, Lo b( tl;v)( Xo) |z:X1>O-

where the second equality follows from a Taylor expansion. From Fact
Then due to AX; = Aa > 0, the equation above will lead to AX, > 0. Besides, the equation above

can be rewritten as
)\bd;;(Xl + U))(Xl — Xo)AXl + Abdb(Xl +w)(AX1 — AX()) = 0

From Fact 1, X; > Xo. As \pd},(X; +w) <0 and AX; > 0, the first term in the left hand above is
negative, and thus the second term in the left hand above is positive, which leads to AX; > AX, >
0.

Now from AX; > AX, and X; > X, one can show that (X;+AX;) — (Xo+AXy) > X, — X >0,
(X1 +AX))—X; > (Xo+ AXy) — Xo > 0. Then from Lemma EC.4 in Section EC.8, by setting
Yo =X +AX1, 20 =Xo+AX,, y1 = X; and z; = X, we have AX, — AX; > 0. By induction, for
all 1<n< N, AX,>AX,_1>--->AX; >0.

Step (2): N(a+ Aa) < N(a) and R, (a+ Aa) < R,(a) for all 1 <n < N(a+ Aa).

By the definition in the algorithm R, (a) = R,(X,(a)) — k — A\sds(X—1(a))(X,(a) — Xn—1(a)).
Then for all 1 <n < N, by Taylor’s expansion, R,(a 4+ Aa) = R,(a) + R}y(X, + w)AX, —
Nods (X 1)(AX,, — AX, 1) + Ad(Xp1) (X — X1)AX, 1] As X,, > X,, 1 by Fact 2 and
AX, >AX,_ ;>0 by Step (1), we have R, (a+ Aa) < R, (a).

Next, we prove N(a+ Aa) < N(a) by contradiction. Suppose N(a+ Aa) > N(a). Then by the
condition that the algorithm stops, Ry (a + Aa) >0 and Ry, (a) <0, contradicting Ry, (a +
Aa) < Ry(a)(a) we have just proved. As a result, N(a+ Aa) < N(a).

Step (3): There exists a unique value, a* € (0, f**], such that Ry« (a*) =0, N(a*) < 0o, Xo(a*) <
0 and X;(a*) >0 for i > 0.

From Step (2), N(a) is non-increasing in a. From Fact 3, N(f**) = N(0) — 1. As a result,
N(0) > N(a) > N(f**) = N(0) — 1 when a € (0, f**]. That is, when a € (0, f**], the algorithm
terminates with N(a) € {N(0) —1,N(0)}. Next we show that N(a*) = N(0) — 1. Suppose that
the algorithm terminates with N = N(0). From Step (2), the termination of the algorithm must
satisfy Ry < Rn(0)(0) <0. As a result, if the output of algorithm satisfies Ry (.+)(a*) =0, we must
have N(a*) = N(0) — 1. From Fact 3, Ry)-1(f**) <0 and Ry)-1(0) > 0. Then because of Step
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(2), Rn(o)-1(a) is decreasing in a and thus there exists a unique value a* € (0, f**] such that
Ry (a*) =0. By Fact 1, Fact 2 and Fact 4, N(a*) < 00, Xo(a*) <0 and X;(a*) >0 for i > 0.
By the discussion of the intuition to design the algorithm, one solution to (8) can be derived by

setting M = N(a*), fi = Xx(a®), -+, far = Xy (a"), farer = Xo(a?). O

EC.3.1.3. Structural Properties In this subsection, we show the structural properties of

any solution to (8), using the definition of the last section.

LEmMA EC.2. Under Assumption 1 and 2, any solution to (8) satisfies the following proper-

ties, (1) fu is decreasing and convex in m. (2) For 1 <m < M +1, we have -“£[Xydy(x + w)(x —

Apd, (I+w)x+>\sds(fm )fm —K * * ok
fo)\lla=¢,,_, >0, and =* b/\bdb(IerH/\stGlmH;’l < fm when < fr,_1. (8) f1 < f* and fy < f**.

(4) M =0 if and only if f*<0; M =1 if and only if 0 < f* < f**; M > 1 if and only if f* > f**.

Proof of Lemma EC.2: To show part (1), we first show f,, is decreasing in m. For m > M,

according to the m-th equation in (8), f_1 — fin = > 0. Suppose there exists m < M

Abdb(fri—l""w)
such that f,, 1 — f,, <0. Then according to the mth equation in (8), Aeds(frns1)(fn — frmi1) + =
Mol (frno1+ W) (frn1 — fin) < 0. Therefore, f,, < f,41. By induction, from the mth to the (M —1)-
th equations in (8), we have fy;_; < fi;. However, from the M-th equation in (8), fa;—1 — fu =
m > (0. This leads to a contradiction and proves that f,, must be decreasing.

Next we show that f,, — f,,41 is decreasing in m in part (1). Form> M, f,, — foni1 = m,

which is clearly decreasing in m as f,, is decreasing in m and d,(+) is a decreasing function on its

support. For m < M, starting from the (M — 1)-th and Mth equations in (8),

Ao (for)(far—1 = far) 5= Ndp(frr—o +w)(frr—2 — frr-1),
k= Ny (frr—1 +w)(far—1 — fur)-

We have N\ydy(fri—2 +w)(far—1 — faur) < Xedp(fri—1 +w)(far—1 — ) = & < Xedy (frr—2 +w) (far—2 —
far—1), where the first inequality follows from fy;_ 5 > far_1, the equality follows from the second
equation above, and the second inequality follows from the first equation above and fy;—1 > fa.

As aresult, far_1 — far < far—e — far—1- Suppose fri—1 — fin < fin—a — fim—1 for some m < M. Then

)‘bdb(fm—2 + w)(fm—Q - fm—l) = )‘st(fm)(fm—l - fm) +K
<)\sds(fm)(fm—2 - fm—l) +r< )‘sds(fm—l)(fm—Q - fm—l) + K
:)\bdb(fmfi’) + U))(fm,3 - fm72) < Abdb(fm72 + w)(fmf?) - fm72)a
where the equalities follow from (8), the first inequality follows from f,, 1 — fo, < fm—2 — fm_1, the

second inequality follows from f,,_; > f,, and the last inequality follows from f,,_s < f._3. As a

result, fn—o — finm1 < fm—3 — fin—2. By induction, we have shown the claim.
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Next we show part (2): <L [\dy(z +w)(z — fi)]|o=y,,_, >0 for 1 <m < M. Note that

)\bdb(fmfl +w)(fm71 - fm) :Kf"f_)\sds(ferl)(fm - ferl) < ’i_’_)\sds(fm)(fmfl - fm)
=Ny (frn—2+ W) (fm—2 = fin1) < Xedp(frn—2 +w)(frn2 — fm),

where the equalities follow from (8), the first inequality follows from f,, 1 < f,, and f,, — frs1 <
fm—1— fm, and the last inequality is due to f,, < fi._1. Let * = argmax, d,(x + w)(x — f,.). By
Assumption 1, dy(x + w)(z — f,,) is unimodal and increasing in x € [0,2*). Since f,,_1 < f_2, the
inequality above indicates that f,,_1 < z*. Thus, -t [\dy(z + w)(z — fin)]|s=y,,_, > 0. Moreover,

when = < f,,_1, we have

Aoy (T + W) + Aoy (frni1) frns1 — B

Moy (2 4+ w) + Nds(frnir) "
:Abdb(@r +w)(T — frm) + Xelds(frni 1) (frni1 — ) — K
Aoy (T +w) + Aods(frni1)
< )‘bdb(fm—l + w)(fm—l - fm) + )‘st(fm+1)(fm+l - fm) — kK
Mody(x+w) + Nods(frns1)

=0,

where the inequality is because <= [\,dy(x +w)(x — f,,)] >0 when & < f,,_1, and the last equality
is due to (8).

Next, we show part (3): f; < f* and fy < f**. Note that max,{\dy(p + w)(p — f1)} =
Asds(f2)(f1— f2) + £ > k =max,{ \dy(p+w)(p— f*)}, where the first equality is due to (8) and the
second equality is due to the definition of f*, and the inequality is due to the fact that f,, is decreas-
ing in m. As max,{\d,(p+w)(p—2)} is decreasing in z, f; < f*. To show f); < f**, we only need to
focus on the case where f** is finite. According to the definition of f**, - [\,dy(2 4+ w)a]| ;e > 0.

Besides,

odp (7 +w) " =k =XNdp(far + W) (far — frrs1) = XNedo(far +w) frs

where the first equality is due to the definition of f**, the second equality is due to the (M + 1)th
equation in (8), and the inequality is due to fys+1 < 0. Also, since = [Nydy (2 +w)(x — fars1)|lompy, >
0 by part (2), we have “L[\dy(z +w)z]|.—s,, = 0. As \pdy(2 + w)2 is unimodal by Assumption 1,
the inequality above indicates fp; < f**.

Finally, we show part (4): M =0 if and only if f*<0; M =1if and only if 0 < f* < f**; M > 1
if and only if f* > f**.

We first show that they are necessary conditions. a) If M =0, f; = f*<0. b) If M =1, due to
the monotonicity of f,,, it requires that fo > f1 = f* > 0> f;. Then \yd,(f1 +w)fi < k= Npdp(fo+

w)(fo— f1) < Mdy(fo+w) fo, where the first inequality is due to fo = f1 — 7 <0, the equality

Rk
Apdp (f1+w
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is due to the first equation in (8), and the last inequality is due to f; > 0. By Assumption 1,
Mdy(p + w)p is unimodal. As f; < fo, the inequality above leads to - [\ydy(p + w)p]|p=y, > 0.

dp
Besides, \ydy,(f** +w) f** =k > Npdp(f1 + w) f1, where the equality is due to the definition of f**
and the inequality is due to fo = f; — m <0. Then we have f** > f; = f*.

c) If M >1, we know \ydy(f1 +w)(f1 — f2) = k+ Aeds(f3)(f2 — f3) > Kk, where the equality is due
to (8) and the inequality is due to fo > f3. As fo >0 for M > 1, it leads to \ydy(f1 +w)f1 > k.
Then by the definition of f**, Xydy(f1+w) fi > Xpdy (f** +w) f**. As L[ \ydy (24 w)x][p—po >0 and
Modp(x 4+ w)x is unimodal in =, we have f; > f**. Thus by part (3) f*> f**.

Next we show they are sufficient conditions. a) For f* <0, since f; < f* <0 by part (3), we
have M =0. b) For 0 < f* < f**, suppose M > 1, we must have f* > f; > f** from the necessary
condition, leading to contradiction. Suppose M =0, then f; = f* <0, leading to contradiction.
Therefore, M =1. ¢) For f* > f** suppose M <1, we must have f* <0 or 0 < f* < f** from the
necessary condition, leading to contradiction. Therefore, M >1. O
Proof of Theorem 1: We establish the existence in Section EC.3.1.1 and Section EC.3.1.2. We
then need the following steps to show the uniqueness.

Step (1): The solution to (8) is unique when f* <0 or 0 < f* < f**. By Lemma EC.2, M <1.
Then the unique solution to (8) can be directly solved, having the form in (EC.5).

Step (2): The solution to (8) is unique when f* > f**. We will show that any solution can be
derived from the proposed algorithm with the output Ry =0. Let [fi, -+, far, -] be a solution
to (8). By part (2) in Lemma EC.2, for 1 <m < M, W ot 1= e[ Aodp (@ + w)(z —
fm)\lla=f,,_, > 0. Due to (8) , for 1 <m <M, R(fm-1;fm, fm+1) =0, then sup, R(z; fr, frnt1) > 0.
Besides, the first equation in (8) can be rewritten as sup, R(z; f1, f2) = 0. Therefore if we set the
input a to be fjr in the solution, then the output of the algorithm satisfies Ry =0, N = M,
Xo=fus1, Xo =fu, -+, Xy = f1. Due to fiy < f** by part (3) in Lemma EC.2 and Lemma EC.1,
the solution to (8) is uniquely output by Algorithm 1. This proves Theorem 1. O
Proof of Proposition 3 It is straightforward to prove part one and part two by part one in
Lemma EC.2.

For part three, suppose M is unchanged when we change x. We will examine how f,, changes
with respect to k. Taking derivative with respect to x on both sides of the recursive system (8)

yields,

Asds(f2)(f1 = f2) +aifo +1=b1f],
)\Sds(fm+1)(f'r/n - f1,n+1) +a’mf1,n+1 +1= bmfvlwfl + Xodp(frn—1 +w)(f7/q%1 - f;n) M—-1>m2>2,

L=bunfrro1 +Nodo(frr1 +w)(frr—1 — far)s (EC.6)
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where f{ =%, an = \d((fn1)(fin = fnsr), and
_ {d;fl[maxfo Dods(fo+w)(fo— f)}), m=1,
" Moy (fr—1 + W) (frno1 — fin)s m> 1.
From the properties of dy(+), ds(-) and the monotonicity of f,,, we have a,, >0, b,, <0 for any m.
As LNdy(z +w)(x — fi)lloms, o > 0 by part (2) in Lemma EC.2, rewriting this inequality, we
have b, + A\pdp(frn—1 +w) > 0.

Next, we prove fj, <0 by contradiction. Suppose f}, > 0. From the last equation in (EC.6),
we have 1 = (by + XNdp(far—1 +w)) frr—1 — Mdy(far—1 +w) fise As by + Mdy(far—1 +w) > 0, we
must have f;,_; > 0. Then as by < 0 and f},_; > 0, this equation also shows 1 = by, fy,_; +
Moy (frar—14+w)(frroa— i) < Xedy(far—1+w) (11— far)- Therefore f;,_, > fi, > 0. By recursively
applying the same argument to the other equations in (EC.6) (replacing the left-hand side 1 by
Nsls(fns1)(fh, = frii1) + amfh 1 + 1, which is still positive), we have f; > f; > 0. This cannot
happen, as in the first equation of (EC.6), if f] > f} > 0, as a; > 0, the left hand is positive; however,
as by <0, the right hand is negative, leading to a contradiction. As a result, f}, <0.

The above proof shows that when k increases, fj; decreases. When f;; becomes zero, then
the endogenous capacity M decreases by one. Therefore, M is decreasing in . Similarly we can
prove how fj, changes in A, and A,. The endogenous capacity is decreasing (increasing, decreasing,
decreasing) in k (A, Ag, w).

Due to part four in Lemma EC.2, M >1 if and only if max,{d,(p+w)p} > &/ .

For part four, we divide the proof into several steps.

(1) Vap(m) is increasing in m. From the first equation in (9), Vi (0) < Vi (1). We prove the claim
for m > 0 by contradiction. Suppose V(I — 1) < V(1) holds for I <m, but Vi (m) > Vi (m+1)

for some m > 1. Then we have
[T + ASdS(fm-&-l) + Abdb(fm—l + w)]VM (m)
=Asds(frns1)Vmu(m +1) + Xpdy (frn—1 +w) [Via(m — 1) + w]
<Asds(frnt 1) Vi (m) + Aoy (frn—1 + w) [Vag(m) + w],
where the equality is due to (9), and the inequality is due to our induction hypothesis that Vy,(m) >
Vm(m+1) and Vi (m —1) < Vy(m). After arranging the terms, we have rVy(m) < Xydy(frm_1 +
w)w. Due to the monotonicity of f,,, rVi(m) < X\pdp(fr + w)w. Since Vi (m) > Vi (m + 1), we
have rVy(m +1) < X\pdp(frn +w)w. As a result,
(Asds(fm-‘rQ) + Abdb(fm + w))VM (m + 1) + Abdb(fm + w)w
> O (Fa) A1) 1)V (1)
:)\sds(fm+2)VM (m + 2) + )‘bdb(fm + w)[VM (m) + ’UJ]
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where the equality is due to (9), the first inequality is due to rVy(m + 1) < Xpdp(frn + w)w
the second inequality is due to Vi (m + 1) < Vyy(m). Arranging the terms, we have Vjy(m +
1) > V(m + 2). Moreover, as Vi (m + 1) < \ydy(fin +w)w and f,,, > finr1, we have Vi (m +
2) < Mdy(fon + w)w < Apdp(frms1 + w)w. By induction, we can show V(M — 1) > V(M) and
V(M) < \pdy(far—1 + w)w. However, this leads to contradiction as the last equation in (9) can
not hold. Thus, V,(m) is increasing in m.

(2) Va(m) — Vi (m —1) is decreasing in m. By the last two equations of 9, we have

Modp(frr—2 +w) [V (M — 1) = Vi (M = 2) — w]
=—1rVu(M = 1) + Xod(frr) [V (M) — V(M —1)]
> = V(M) = Xdy(frr—1 +w) [V (M) = V(M = 1) — w]

where the inequality is due to V(M) > V(M —1). Since f,, is decreasing, \ydy,(far—1 +w) >
Moy (frr—2+w), and the inequality above leads to V(M —1) — V(M —2) > Vi (M) =V (M —1).
Now we use induction. Suppose Vi (m —1) — Vi (m —2) > Vi (m) — Vi (m — 1) for some m < M.

Then
(m—2)— VM(m 3) — w]
> —rVa(m — 1) + A\d. ( m)[VM( ) VM(m—m )

where we have used \;ds(fn_1) > Asds(fim) and Vi (m —1) = Viy(m —2) > Vi (m) — Vpyy(m—1) in
the inequality and the equalities are due to (9). Similarly, as dy(f,—2+w) > dp(fin_3 +w), we have
Vm(m —2) = Vi (m—3) > Vi (m—1) — Vy(m —2). This completes the proof.

(3) Vm(m) —Vi(m—1) <w. As f,, is decreasing in m, the arrival rate of the sellers is bounded
by Asds(f1), then we must have that for any m, Vi (m) < M We then prove the claim by
contradiction.

Suppose Vi (m) — Vy(m — 1) > w for some m. Then due to the concavity of Vi (m), we have
V(1) =V (0) > w. As (r+ Xods(f1)) VA (0) = Aeds(f1)Vau (1) from (9), then (r+ Aods(f1))Var(0) >
Asds(f1)[Var(0) +w]. That is Vi (0) > M. This leads to a contradiction. O

EC.3.2. Proofs for Section 2.2.2
Proof of Proposition 4: For part (1), from (8) , we have

A
As

n n n K )\b
A i = fiha) + o =3

dy(f37) +w) (i — Firy) > Z2d(Fir +w0) (Fifhay — Firis)-

Arranging the terms of the two sides of the inequality, we have limnﬁw(i—zdb( Fo 4+ w) -

ds( I(V?LQ))(( 1&}2“ - 1(\/?3”)) < 0. We then prove lim,, . ( 1(\;*)‘+1 - 1(\/7]2”) =0 by contradic-

tion. If for a subsequence nj — 0o, limy . ( 1(\;1511 - ](\2512) > 0, to make the equation above
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hold, we have limk_m( b, (f(”k) w) —dg( ](L}Lf}rz)) < 0. However, from the definition of M*,
we have ;\—Zdb( ) 1) > dy M*+1) > d,( ](\;iﬂ)ﬂ). Then we must have limkﬁm(;\—Zdb( ) 4 ) —
dy(f7%)5)) = 0. As aresult, limy o0 (dy (F375)) = do(£3%)5)) = 0 and thus Ty, o (F5, — fir),) =
0, leading to contradiction. Therefore, lim,, s (f{7 41— o) +2) = 0. Then using (8), by taking
the limit of n — oo, the waiting cost is negligible and one can easily prove that for any finite k,
im oo [F{ e — A1) = 0. As £l < fand fi7 ) > f lima o £l = f.

For part (2), we need several steps to complete the proof.

1) lim,_ o M*™ = 400. From the first equation in (8), we have Ad,(fS™)(f™ — i) +
5 = maxy, { Ny (fo + w)(fo — f1)}. If the claim does not hold, then from part (1), we have
(n) (n) _

=f (for a subsequence of n with a slight abuse of notation), then the

lim,, o0 fi = limy, o0 fo

left-hand side of the equation above is 0, whereas the right-hand side is positive, which leads to a
contradiction.

2) For any positive €, lim,, o, T,, = lim,, o, m,, =0, where n; = max{m: f(") > f—i— €} and ny =
min{m: f{") < f —€}. Recall that m,, is the steady-state distribution of state m, which depends on
n as well. Clearly, n, < M*. Since lim,,_, f](;zik :f for finite k, lim,, .. (M* —n;) = co. Besides,
for any m € [ny, M*|, we know 7, > 7, , because of the definition of =, in (10), the monotonicity
of f,, and the definition of M*. Then, we have 1 > lim,,_, Zm ny T = 1My, o0 Zm —ny Ty =
lm,, o0 (M* — 1) 7y, . As lim, oo (M* —n4) = 00, lim,, o, m,, = 0. Similarly, lim,,_,, m,, =0.

3) lim,, Zm:\f,(,?)—fgx T = 0. For m € [0,n,], because of (10) and f,, < f,,_1, we have 7, | <
Aoy (£ +w)

Asds(F 1)
(n) (n) . .
Npd (£, 1+w) . Apdp(frpa+w)  Npdy(Fhw) _ Apdy(ftw)
IWRT 2 Moo =30 = Mde(Fre < adi(f) — b Wehave

a, <1 —§ being bounded away from 1 and thus lim, Zm:f<n) Tm = 0 because of step 2)

am,,, where a,, < . As aresult, we have lim,,_, o Z T <My oo Yo o AR, =

>f+

. 1 .
lim,, o oo Tny - Aslim,, o

>fte

above. Similarly, lim,, . Z ) = 0. Thus we complete the proof. [

<f-

ProrosiTiON EC.2. Given w = c, + ¢, in the thick market, the firm’s long-run average revenue
(n) 3

v _ Asds(Hw

Ym  Asds(Hw

converges: lim,, o — -

Proof of Proposition EC.2: For any positive ¢, define n; = max{m: f > f + ¢} and ny, =
min{m : (" < f —e}. Then
(n) M(")

Z 7Tm)\bdb ~1 +w)

no—1 M™)

nj
= mahd (0 A w) + Y mahdn(f) +w) + D madd(F 4 w).
m=1 m=ni+1 m=ng
For the first term,
ni ni ni

n—oo

nlggozwmxbdb Fim ) < lim Zwm)\bdb(fn Lt w) < Ndo(f + €4 w) lim Zﬂm_ ,
m=1
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ni

where we have used lim,, o Y T = 0 from Proposition 4. Similarly, the last term is also zero

m=1

when n — co. For the second term, as for any m € [ny 4 1,n0 — 1], dy(f + e +w) < dp(f7, +w) <

dy(f — e+ w), we have

ng—1 ng—1 ng—1
Moy (f +etw) lim Y7 m < im0 maddy(fnly +w) SNdy(f —etw) lim Y .
m=nj+1 m=ni+1 m=ni+1
From Proposition 4, lim,,_, anz:_;l +1Tm = 1. Therefore,

. (m) )
Mody(f +€+w) < lim Vi < Ny (f — e+ w).
nw

n—roo

Since it holds for an arbitrary € > 0, we have completed the proof. [

EC.4. Proofs for Section 3

Proof of Theorem 2: By Lemma 1, we have that the maximal number of sellers can be bounded,
ie, M < 2’7—,;\17. When the market size of buyers is relatively small (A, < 2%) or the waiting cost & is
relatively high (k > 2p)\;), the cost of selling a product on the marketplace is too large such that
no seller will join the marketplace, i.e., M =0 and V= 0. In contrast, when d,(p) > 0 for any

p >0, the dealer can always achieve a positive expected profit, Vp(0) > 0, by setting
po(0) =00, p(x) =1 Va>1,p,(0)=€ %hTn—c p(z)=0 VYa>1,

where 7 is a positive value such that d,(n) >0 and ds(e_mn) > 0, and € is a small positive
constant close to 0. In this case, the dealer will hold at most one inventory. Then, we analyze the sign
of the expected profit of each inventory as follows: E[e™""p,(1) — ps(0)] > ef*bd%l;(”)n - (ef*bd;l;(")n -
e) =¢ >0, where 7 is the random time the dealer holds the inventory, and the inequality is due to
Jensen’s inequality. Therefore, the dealer earns more profits than the platform in these cases, i.e.,
Vp(0) >0=Vy,.

By (8), as k decreases, the resulting f is the same as that after scaling up A\, and A, proportionally.
When x — 0, by a similar proof to Proposition 4 and Proposition EC.2 in the online supplement,

)\st(f)w
T

we have lim,_,0 ) 7, =0 and hence lim,_,o V= , which is the optimal value of

| fm—fl>e
problem (12) after optimizing w. From Proposition EC.1 in the online supplement, V5 (0) is upper
bounded by V(0), the optimal value of problem (6). In Theorem 3, we will show that the optimal
values in problems (6) and (12) are equivalent. Therefore, Vp(0) < lim, o V3. That is, the platform
earns more profits than the dealer. O
Proof of Theorem 3: The convergences to the static optimization problems (6) and (12) are

established in Section 2.1 and 2.2. Therefore, we only need to compare (6) and (12) in the theorem.

It is easy to see that the decision variables of (6), p, and p,, can be transformed to those of (12),
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¢s + ¢, by the following equations: f = P, f + ¢ + ¢, = py. There is a one-to-one correspondence
between (6) and (12). Part (1) and part (2) immediately follow from this observation. Part (3)
and part (4) follow from the additional observation that the average utility of sellers is f and the

average utility of buyers is f +w, from Proposition 4. [

EC.5. Case Studies and Economic Insights
We shall present some case studies to illustrate economic insights.'*

Second-hand Luxury Goods Market. According to a market survey,'” the market share of second-
hand luxury goods is well above 20% in developed countries such as Japan, U.S., and France. In
China, the number is only 2% but growing rapidly in the last few years. The different stages of
the market also lead to different business models. In developed countries, consumers have seen the
coexistence of dealership and marketplace. Designer Exchange, Resellfridges, Cocoon, BrandOff
and Komehyo operate as dealers: They buy high-end luxury goods from consumers and resell it,
controlling the price and inventory on their own. ThredUp, Lampoo, and Luxury Closet operate
as marketplaces: They allow customers to list their used luxury products on the websites and
to be directly matched with buyers. In contrast, in the Chinese market, the dealership model is
dominant, including MilanStation and PonhuLuxury.

This is consistent with our theory: Theorem 2 predicts that when the market size is small,
especially that of buyers, then the dealership model is more profitable, as is the case in China.
Theorem 3 predicts that when the market is thick, then both models are equivalent and may coexist,
as is the case in developed countries. In fact, the CEO of PonhuLuxury pointed out explicitly in
an interview'® that in the current Chinese market, a marketplace is hard to survive because of the
difficulty to attract customers and make the market thick.

Used-Car Market. The used-car market is a major component of the automobile industry. It is
estimated that more than 42 million used cars were sold in 2014 (Manheim 2015), and 2/3 of them
were through dealers. The marketplace of used cars is growing, but eclipsed by the market share of
dealership. Besides the concern for quality and information asymmetry, which is not captured by
our model, Theorem 2 explains the dominance of dealership in the used-car market from the angle
14 Our theoretical results are also consistent with empirical findings in the finance literature, although the boundary
between dealership and marketplace in financial markets is blurred and the limit order books in financial markets
are in general two-sided. Mayhew (2002) analyzes the data of equity option prices from 1986 to 1997, and find that
dealers such as designated primary market maker works in thin markets, while traditional open outcry platform works
well for liquid markets Mayhew (2002) show that for high-volume options the difference between the two market

structures becomes slighter. This is consistent with our finding (Theorem 3), as for high-volume options, the market
is thick and the two models are fundamentally the same.

15 http://baogao.chinabaogao.com/baihuo/392626392626 . html
16 https://36kr.com/p/5112915
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of waiting cost. The unit prices of cars are usually substantially higher than other second-hand
products. This can be translated to a higher waiting cost for sellers. From Theorem 2, the dealership
model is more profitable when consumers are impatient. For instance, haocheb1, a Chinese online
platform for used cars, started in 2014 as a marketplace to match sellers and buyers directly,
and later transformed into a model that is more similar to dealership in 2016. According to an
interview'” of the CEO, the marketplace model fails because “the C2C model is not efficient ... it
takes a long time for the buyers and sellers to find a match”. Their new dealership is believed to
better accommodate the needs of consumers.

P2P Lending Markets. In money markets, we can view lenders as sellers and borrowers as buy-
ers. Traditional banking attracts deposits and makes loans to individuals or small and medium
enterprises (SMEs). This can be viewed as a dealership model, as a bank manages its own “inven-
tory” and makes profits from the spread. Over the past decade, technology has revolutionized the
financial-service sectors. Thanks to the emergence of efficient online communication technology and
data and tools available for credit modeling, P2P lending platforms, in which individual borrowers
(or owners of SMEs) are matched with individual investors, have become popular since 2005, when
the UK-based Zopa opened its doors. The industry has grown to $3.5bn, and continues to gain
attraction.'® These platforms are designed as a marketplace model. For example, LendingClub,"”
a US-based P2P lending company, allows borrowers to post their loan needs on the website with
a target rate they would pay, and then individual lenders can browse the loan listings and select
one to invest in; thus, the roles of buyers/sellers are flipped, as the buyers/borrowers are placing
orders, as opposed to sellers on traditional platforms. The recent emergence of this business model
is consistent with the numerical study in Table 3, in which we show that the marketplace model
becomes relatively profitable for a larger market size. Indeed, the rapid increase of the consumer
base is crucial for P2P lending platforms, which is only made possible by recent technology. Inter-
estingly, when the consumer base becomes saturated, we find some companies turning to a hybrid
model, consistent with our thick market analysis. Indeed, after eight years since its foundation,
LendingClub began partnering with banks to enable them to purchase loans directly through the

LendingClub platform or offer LendingClub products to their customers.?”

" https://m.qctt.cn/news/120581
1 https://igniteoutsourcing.com/fintech/peer-to-peer-lending-industry-trends/

19 LendingClub is the largest P2P lending platform with a 46% market share in 2014 according to https://www.st
atista.com/statistics/468469/market-share-of-lending-companies-by-loans/. The second largest has 12%.
LendingClub is largely a market monopoly.

20 https://www.lendingclub. com/investing/institutional/banks
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Additional Materials

EC.6. Omitted Details in Section EC.3.1.1

Algorithm 1 Algorithm to find a solution to (8) when f* > f**.
1: INPUT: a € [0, f**]

2: Set n<1, X; +a and Xo<—X1—m

3: while True do

4 Set R, + max, R(z; X,,, X, 1)

5: if R, >0 then

6: Solve X, 1 > 0 such that R(X,4+1;X,,X,_1) =0 and W la=x,.1>0
T n<—n+1

8: else

9: Break;
10: end if

11: end while
12: Set N« n ;
13: return Ry, N, [Xy, -+, X

EC.7. Additional Results for Section 2.1

We first introduce a lemma that is used for the results in Section 2.1 about the dealership market.
LemmA EC.3. For any z>0, R,(z) <0, R.(z) >0. The functions P,(z) and Ps(z) are increas-
mg in z.
The proof of the lemma can be found in Gallego and Topaloglu (2019).
ProposITION EC.3. The value function Vp(x) satisfies the following properties:
1. Vp(z) is increasing and concave in x.

2. Vp(x) decreases in r and increases in A, or As.

3. AVp(z) decreases if v increases or A\, and A\, decrease in proportion.

Proof of Proposition EC.3: For part one, note that any pricing policy for initial inventory x is
feasible for =+ 1. Therefore, the latter achieves a larger revenue than the former and Vp(x+1) >

Vp(x). The concavity of Vp(x) is equivalent to show

2Vp(x) > Vp(x+ 1)+ Vp(z—1), x>1. (EC.7)
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We use a sample-path coupling argument to prove the claim. Considering two systems, system one
starts with « + 1 units of inventory, and system two starts with x units. Assume that system one
follows its optimal policies. For system two, we use the optimal policy designed for system one
(which is suboptimal for system two), and couple the Poisson processes with those of system one.
The coupling guarantees that the difference of inventory between two systems is always one, for all
sample paths of the arrival processes before the inventory of system two reaches x — 1. We break
the coupling when the inventories of two systems drop to x and z — 1, respectively and then let
each follow its optimal policy. During coupling, the realized discounted profits of the two systems
are equal. Therefore, the revenue difference between the two systems is d(Vp(z) — Vp(z — 1)), where
d <1 is the expected discounted factor at the moment coupling is broken and Vp(x) — Vp(z — 1)
is the revenue difference after breaking the coupling. Since system two follows suboptimal policies
for a period, we can conclude that Vp(x + 1) — Vp(z) is not larger than this difference, namely
Vp(x+1) = Vp(z) <d(Vp(z) — Vp(x—1)) < Vp(z) — Vp(x — 1). Hence (EC.7) is proved.

For part two, we again use the sample path coupling argument. We first analyze the arrival rate
Ap. Consider system A and B with arrival A\;' and AP (A\;! = AP +¢€). For system A, we implement
its optimal policy p2*(-) and p;"*(-). For system B, we implement a policy with p?(x) = p*(z)
and pP(-) that satisfies A\ d,(p; " (z)) = \Pdy(pP (2)). Since the net arrival rates of customers and
buyers are the same, we couple the net arrival processes (i.e., the thinning Poisson process with
rate pi(x)d(pj'(z))) of these two systems. Then, since customers are charged a higher price in
system B, the revenue of system B is higher than that of system A. Therefore, V() increases in
Ap. Similarly, we can prove that Vp(z) increases in A,. Since the increment of the discount factor
r is equivalent to the reduction of arrival rates (A, and A,) proportionally, Vp(x) decreases in the
discount factor r.

For part three, note that if we scale r, A\, and A, by the same constant, then Vp(z) remains
unchanged from (1). So we just need to show the monotonicity of AVp(x) in r by showing the
following three claims step by step.

Step (1) For all = >0, W >0 and dAZif(‘T) >0 cannot hold simultaneously.

Suppose for some z, the claim above is not true. Then from (1),

d[rVp(z)] dAVp(z)
dr dr
As d[r‘fﬁ(z)] >0, dAZf(r) >0, R,[AVp(x))] <0 and R.[AVp(x+1))] >0, we must have Mvgifﬂxﬂ)

0. Moreover, W =AVp(x +1) + r‘mv?iiizm, the inequality above implies W >

= MRy [AVp(2))] =

F AR [AVp(z +1)]

Y

d[rVp ()]
devplell » g,

By induction, d[r‘iﬁ(‘”)] > d[T‘ZfT(I)] >0 and dm;if(y) >0 for all y > x. However, mw+w =

%7-(0) =0, leading to a contradiction.
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Step (2) d[TVD Ol < 0. We prove this claim by contradiction. Suppose d[rv(o)] >0, then from (1),

d dA 1
Vo] _\ Rrjavp () 22re)
dr T
which implies %ﬁ?(l) > 0. As a result, W =AVp(1) + T‘%ﬁ?(l) > 0, leading to
dlrVp(1)] _ drVp(0)]
>
dr dr

>0,

>0.

However, from the first step, we know M >0 and dAZif(l) > 0 cannot hold simultaneously.
Therefore, we must have W <0.

Step (3) %7:(%) < 0. Note that by (1), we have W = MRLAV(1)]%2Y20) - Because

dr
W < 0 shown in the second step, we have szif(l) < 0. Next, we prove the claim by induc-

tion: suppose that for some x > 1, ‘m‘gif(””) < 0, then we must have ‘mvziixﬂ)

contradiction. Suppose % <0 but mvziﬁﬂl) >0, then

< 0. We prove it by

d[rAVp(z+1)]
dr

dr

:AV'D(9§'+1)+T >0,

which implies that

dlrVp(x+1)] - d[rVp(x)]
dr dr

dr

dr

by (1). As %872@ < and AYBE+D >, then combined with the facts that R} <0 and R, >0

d[rVp (z+1)]
drVpGtl) g,

However, % >0 and 22Y2EH ~  contradict step (1). Therefore %2Y2EH) (0 Therefore,

dr dr
. dAV;
by induction, we have Tf(x)

by Lemma EC.3, we have the last expression above being nonnegative and thus

<0 for any z. [
EC.8. Additional Results for Section 2.2
We first show the following lemma.

LEMMmA EC.4. Suppose that T, >y, satisfying R(Z1;y1,21) =0 and %‘w:il >0, and Ty >
Yo satisfying R(T2;Ya,22) =0. If yo — 20 > y1 — 21 >0 and yo — y1 > 29 — 21 > 0, then Ty — Ty >
Y2 —y1 > 0.

Proof of Lemma EC.4: From the conditions, we have

0= R(Z1;y1,21) — R(Z2; Y2, 22)
= Np[dy(Z1 +w) (21 — y1) — dp(Z2 + w) (T2 — Y2)] + As[ds(22) (Y2 — 22) — ds(21) (Y1 — 21)]-

Ifys — 20>y — 21 >0 and y, — y1 > 29 — z; > 0, then the last term in the last expression above is

nonnegative. Therefore, the first term is nonpositive

dy(Z1 +w)(T1 — 1) < dp(T2 +w) (T2 — y2). (EC.8)
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Since y3 > y1, the inequality above implies
dp(Z1 +w)(T1 — y1) < dp(T2 +w) (T2 — 1)

By Assumption 1, dy(z + w)(z — y1) and R(z;y;,21) are unimodal in z. Since Wh:il >0,
Z, is on the left side of the mode. Therefore, the above inequality implies #; < Z5. As a result,
dy(Z1 + w) > dy(Z2 + w) and thus the inequality in (EC.8) will lead to &; — y; < Ty — y». That is
To—T1 >y —y1 >0. O

LEmMA EC.5. lim,,_o.o M™ = +00.

Proof of Lemma EC.5: As n increases, from the definition of f** in Section EC.3.1, it sat-
isfies nAdp(f** + w)f** = k. Clearly, lim, . f** = 0. By the fact that f,;n < f** derived
in part (3) in Lemma EC.2, we must have lim, .. fy;(m) = 0. From the M™th equation of
(8) , limy oo do(frsem_; + w)fyymy_y = 0. It can only happen when lim, .. fy;m_, = 0 or
lim,, oo fym)_; = +00. Because of part (2) in Lemma EC.2 and the unimodality, we have
lim,, o fym_, = 0. By induction, for any finite k, lim, .. fy;(m)_, = 0. Suppose M ™ is finite,
then lim,,_,, fi =0. That is, there will be no sellers joining the marketplace even if there are many

buyers, which cannot be true. [

EC.9. Algorithm for the Marketplace Model

In this section, we provide an efficient algorithm to solve the equilibrium for the marketplace model.
The key is to solve f,, from the system of equations in (8). We set initial values for fo, fi,... and
substitute them into the right-hand side of (8). The left-hand side is then used to update the
values. Since the number of equations M is endogeneous, we set a large value N > M and update
(fo,---, fn—1) simultaneously. The capacity M is then chosen based on the minimum m such that

fm <0. The algorithm can be found in Algorithm 2.

Algorithm 2 Compute f,, and the expected revenue for the platform R(w)
Require: A\, \,, dy(+), ds(-) and k;

1: function PLATFORMREVENUE(w)

2: Set tol <+ 107, error < tol, N < 2000 and vector f < 1 of length N
3: while error > tol do

4: Set vector f. .. < 0 of length NV

new

Moy (fo +w) fo+ Asds(f2) fo— K
Fnew(0) < ar%)g%ax Mody(fo+w) +Aods(fa)

6: fori=1,2,...N—1do
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7
£ (0) Moy (fior +w) fior + Ado(fig1) fiyr — /‘6;
Aoy (fio1 +w) 4+ Aeds(fig1)
8: end for
9:
Moy (fn—1+w)fn-1—K
FrewN) Aol (fio1 +w) ;
10: error < || frew = Flloos £ 4= Frcws
11: end while
12: Set M «+ argmax 1f, > 0;

n>0

13: for i=0,1,...M do

14:
L Aads(fy)
H Apdp (fj—1+w)
(i) « ;
As ds fl
Z H Apdp (f1—1+w)
15: end for
16: Compute the expected discounted revenue as
=
Va(w) « — Z; (i) Aeds(fisr)w

return Vy,(w), f, M

17: end function

EC.10. Omitted Formulation in Section 5.2

In Section 5.2, we have omitted the HJB formulation due to the page limit. We provide it here for

completeness.
o= o= Abdb,l(fol,o + Wy, 00 )fo o+ As1ds 1 (fy o)fz o As2ds 2(f121)f 11
fo o>0 ol 1 (f5 0 +wi,00) + As1ds 1 (f30) + As2ds2(f71)
2. = max Ayl (00, fo 0 +w2)f0 ot As1ds 1(f1 1)f1 1+ As2ds 2<f022)f0 2~
T f§0>0 vl 2(00, fo,o +ws) + /\s,lds,l(fl,1) + )\s,2ds,2(f0,2)
f§z2 _ Ayl (00, foz,g,-2_1 +w2)f(§,w2—1 + /\S,ldS,l(fll,x2>fli,zg + )\Sa2d3,2(fg,m2+l)f0i,x2+1 —kK 2y >2
' Apdyp 2(00 foz,ngl + w2) =+ )‘s,lds,l(fll,m) + )\572d872<f[?,:1:2+1)
1 Aoy, 1(fx1 1,0 T Wi, Oo)f:;l Lot /\Syld&l(f;l-ﬁ—l,o)fil-&-l,o + )‘s,2ds,2(f§1,1)f;1,1 -k 2> 2

210 = )‘bdb 1(f;z:1 1,0 + wy,00 ) + )‘s,ldS,l(f%1+1,0> + )‘372ds,2<f31,1)
Aoy 1 ([0 W15 [T 01 FW2) [0,y T+ Moy 2(f§ 0y + W1, [Ty 1+ W) fl ey a
_ + )\s7lds71(f21,x2)f21,$2 + )‘872ds72(f12,1:2+1)f11,12+1 -k
hi w2 f(fria;(O /\bdb,1(fol,g¢2 + wr, f12,x2_1 +ws) + )\bdb,Q(fol,xQ + wr, f12,x2_1 + wy)
+ >\s,1ds¢1(f21,x2) + >\s,2ds,2(f127x2+1)

13221
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Moo 1 (fa, 10 Fw, 70 Fw2) f2 00+ Nedea(fr, 10 Fwn, f2, 0+ w2) f2,
fg — max +)‘s,lds,l(fx1+1,1)fx1+1,1+)‘s,2ds,2(f;c1,2)f31,2 K
1T 2,020 Abdb,l(f;1—171 +w1,f§170+w2>+)‘bdb,2(fz11—1,1+w1af§1,o+w2)
F Ae1ds i (fa,110) F As2ds2(f2 )

113121

)\bdbl(fazl 1:62+w17f9321 To— 1+w2)f;1 1x2+Abdb2(le 1m2+w17f121 T9— 1+w2)fx1 r9—1
+ )\5 1d5 1(fw1+1 Ig)f.l,l-i-l T9 + )\5 st Q(fwl I2+1)f.L1,:I;2+1

: = T1,To > 2,
fw1,$2 )\bdbl(f:rl 112+w17f:z1 To— 1+w2)+)\bd1)2<fz1 1w2+w17fz21 To— 1+'UJ2) b
+ Asaldsal(f:r1+1,a:2) + )\3 2d$ 2(f11 12+1)
where f! |, 15 the expected utility of each type-i seller when there are z; type-1 sellers and x,

type-2 sellers.
After that, we can derive the HJB equations

rVp(0,0) = A 1ds 1 (f10) A1V (1,0) 4+ Ay 2ds2(f51) A2V (0,1)

TV (0,22) = Aa1daa (f12,) A1 Vi (1, 22) 4+ A 2 2 (5 1y 1) D2 Var (0,22 + 1)
+ Aoy 2(00, [ 4y 1 + w2 ) (w2 — As Vi (0, 22))

"Vau(21,0) = A1 1 (fa,51.0) A1 V(@1 +1,0) + A od o (f2, 1) Do Vi (1, 1)
+ oy 1 (fa, 1.0+ wr,00) (w1 — Ay Viy(21,0))

rVm(21,22) = A 1ds 1(f951Jrl z2)A Vi(zr + 1, 22) + A 2ds z(fl1 12+1)A2VM(1‘1,$2 +1)

F Mol 1 (fry 1y + W01, [2 0y 1+ wa) (01 — Ay Vg (21, 22))
F Ny 2 (fry 10y +Was £ 41+ w2) (W2 — AoV (21, 25)).

Similar to the base model, we have

Vi = T‘Z Zﬂ'i,jVM(i,j)

i=0 j=0

= Z Z Tij A (db,l(filfl,j +wi, fijq + w2 )wy + db,Q(filfl,j +wy, fﬁjq + w2)w2)

i=1 j=1

+ Zﬂ-i,o)\bdb,l(fil_lp + Wy, 00)w + ZWO,jAbdb,Q(OOa Jo i1+ w2)wy

i=1 j=1

EC.11. Formulation for Multi-Product Case

In this section, we generalize the formulation in Section 5.2 to the case with n substitutable
products. The arrival rate of sellers holding type-i products is A;; and their private WTS are
denoted by €. Then, the expected supply is given by d,,;(p) = P(Q,,; < p). Buyers’ arrival rate

is A, and their valuation for type-i products is €2, ;. Then, given prices p, the demand for type-i
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product is dy ;(p) = P(Q; —pi > —p;, V5 # i3 Qs —pi > 0). In the following, we use 0 to denote
a vector of zeros, and e; to denote a vector of zeros except 1 at the i-the entry.

The Dealership Market. In the dealership market, when the current inventory level is @ € N,
the dealer uses the bid and ask prices p, ;(t) and ps;(t) to maximize the expected revenue over an
infinite horizon with the discount rate r. Let A;Vp(x) = Vp(x) — Vp(x — e;). When z; =0, we set
A;Vp(x) = oo such that the optimal prices satisfy pj ;(z) = oo for z; = 0. Then, given = >0, the

value functions satisfy the following HJB equations:

T’VD(Q}') _Abgzg)é{;db,b(pb) (pb,i _AiVD( } +Z)\s zzinzax ds L(ps z)(A VD<$+6'L) ps,i)‘
(EC.9)

The corresponding fluid approximation is

B 1 n
V(O) = Imax ; Z )\s,ids,i (ps,i)(pb,i - ps,i)

Ps,Pp>0 -
=1

s.t. )\s,jds,j(ps,j) :Abdb,j(pb) V]:LQ,,TL

When functions ds. and d,. are linear, then the optimization problem associated with the fluid
approximation is convex and be solved efficiently. The solution may give a good benchmark policy
for the stochastic problem, which suffers from the curse of dimensionality and is hard to solve in
general.

The Marketplace. For the marketplace, we let f. be the expected utility of a type-i seller
when the current numbers of sellers are . By the same argument as the base model, we have the

ask price for the type-i product as pL, = . We also let p’, = oo when x; =0 by convention. The

IE €e;
firm charges w; for each transaction of type-i product. Similar to Section EC.10, we have a set of

recursive equations characterizing the values of fZ:

> (Lo Mol (fae, Hwry o fime Fwa)fa_e, +Aeids(fare) fave,) — 5
fi= max = - _ if 2, =1
fo—e; 20 Z (oMol (faoey +wis o fime, +wn) + A jde s (fli)
=
Z (1{1‘ >1}>\ db](fa: e +'LU1,"' ’f;—en +wn)fm e; +>\S stj<fm+ej)f;+6j) -
fi= j=1 _ if x; > 2.
Z l{ar >1})\ dbj(fw el —|—’LU1, o 7fm en +wn)+)‘§1d91(fm+e])
=
After that, we can derive the HJB equations
TVM ZAszdsz fz+e )A VM(:B+6)
=1
+ Ab Z 1{$i21}db7i(fifel + Wiy, ;Lfen + wn)(wl - Alvj\/l (:B))

=1
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Similar to the base model, we have

rVu=r Z T V(2 Z Z’Z‘(‘zAbde e, WL, [ en_,_wn)wl

xeNn xeN? =1
Although we can formulate the dealership and marketplace problems for multiple products, the
formulations are quite intractable. Computationally, one may resort to approximate dynamic pro-
gramming to aggregate the states to lower the computational cost. Theoretically, we leave the

analysis of the structural property and provable algorithmic design for future research.

EC.12. Proofs for Results in Section 5.3

Proof of Lemma 2: In the following, we study the cases when the dealer holds at most one
inventory in the steady state.

Case 1: The dealer holds zero inventory in the steady state. In this case, we have the following

HJB equations:
rVp(0) =0, rVD(l):)\b%l%({(bl—pb) (pp — AVp(1 }—— — AVp(1))2
[ =

b1 Ap+2r— 2\ / r(bl)\b+r

not purchase from sellers, we should make sure that AVp(1) < bg, ie., Ay <

From the above equations, we can deduce that AVp(1) = . Since the dealer will

4b27‘
(b1—-01)%"

In this case,
the optimal revenue is Vp = 0.
Case 2: The dealer holds one inventory in the steady state. In this case, we have the following

HJB equations:

rVp(0) = A, gig%i {]-pstg(AVD(l) _ps)} = Xs(AVp(1) —by)

TVD(l):)\prr;g%{{(bl_pb) ( AVD }—* AVD(l))2
T’VD(Q) = )‘b Ig;%%({(bl _pb) ( AV@ } = — AVD(Q))z

where we have p*(0) = by and pj;(z) = %V(w)'

From the above HJB equations, we can deduce that
by +2(N\s+71)—2¢
Ay ’
bidy + 27 — 24/bi N (A +27) — 2(As +7)s — badp Ay + 2A2 + 4N 7 + 312
Ap ’

AVp(1) =

AVp(2) =

where ¢ = \/bl)\b()\s +7) = b A As + (As +7)2.
Next, since the dealer holds at most one inventory in the steady state, we should make sure that

AVp(1) > by > AVp(2). In the following, we provide a sufficient condition. When A, > € 4}’2172)2, we
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have AVp (1) > by. Then, it is sufficient to derive conditions when AVp(2) < by, which is equivalent

to the following inequality:

g()\ba >\sa bla b2) = b%)\i - 2bl)\b(b2)\b + 2()\5 + 7")) + S(AS +7’) (§ —_ )\5 — 7") + bg)\i +4b2)\b()\s — ’l“) S 0

When ), € [220, 827 1" we have g(A\y, As,b1,b2) < X((by — b3)2 X\, — 8byr) < 0 due to the

(b1—b2)27 (b1—b2)

fact that ¢ = \/blAb(As +7) = b+ (As+7)2 < Ag+7+ %(bl — by). To summarize, when X, €

[0, (bffi:)2)7 the dealer holds zero inventory in the steady state and the expected profit is V3 = 0;

when ), € |

4b2'r‘ 8b27“
(b1—b1)27 (b1 —b1)?

), the dealer holds at most one inventory in the steady state and the

expected profit is

As
V= ——"—bo Xy (=6 + 22 +7) +2(As +7) (s = As —7) + b1 Ay (¢ — 20, — 27) . O
Ao (s —7)

Proof of Lemma 3: In the following, we study the cases when there is at most one seller on the

market.
Case 1: No sellers join. When A, <7 )2, we have
Aol (fo +w) fo + )\sds(f2)f2 —K Mody (fo +w) fo+ Asds(f2) fr —
= <
S W D ESWATARE s Sl S W e E AT AR

K K
< N Vg w2 E
<max{fo Am4ﬁ+wﬁ 1w N 2

which implies that no sellers will join the market and V, =0.

25k
52)2’ 4(by—b2)2 /"

Case 2: At most one seller on the market. When Ay € [ ), we have

—ma {Abdb (fo+w)fo+ Ads (fz)f2—/<l} SInm{>\z)db(.f()+”‘~U)fo%-)\sfll's(f2)f1 —H}

Moy (fo +w) + Asds(f2) Moy (fo +w) + Asds(f2)
K K
S“}%X{fo—m}:b “Uy,
f o /\bdb(fl+w)f1+)\sds(f3)f3_ﬁ" )‘bdb(fl+w>f1+)\sds(f3>f2_H
2T NG Fw) A T Ndy(fi+w) 4+ Ads(f5)

K 5
— - < ,/ < by,
fl )\bdb(fl +w) =t v >\b 2

which implies that there will be at most one seller. In this case, we have

K K
fi= max{fo W}:bl—W—2\/;7

foe fi— K 5 [k

=by—w—

Nody (f1 4 w) A

(EC.10)

where fo=b; —w—,/ /\ib Then, we can compute the value function from the following equations:

TV (0) = Asds(f1) AV (D), V(1) = Xodp (fo + w) (w — AV (1)).
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KApAsw

A/ KApTH+AsT ’

), the optimal

From the above equations, we can deduce the expected profit in this case as Vi (w) =

where w < by — by — 2, /i such that f; > bQ. To summarize, when A, € [0, ) 4'; E
25K
(b1— b2)2’ 4(by—b2)?

expected profit is Vi, = 0; when X, € [

H)\b/\s
\/n)\bf—i-ky bl b2 2 \/
Proof of Lemma 4: In the following, we analyze the case when X, €

[max{ (bl‘lﬁz)g,(blfizﬂg},min{ (bf@b; 70 3527 1] In this case, according to Lemmas 2 and 3, both

), the optimal expected profit is V3, =

the dealership and the marketplace hold at most one inventory or seller, and the corresponding
profit formulas are provided in (15) and (16). For ease of exposition, we use p = \,/A; to denote
the ratio of arrival rates.

We start with the proof of the first two parts. Given A, + )\, = A, the bid-ask spread is

Aol
reA L 35V P X D+ b+ (b= D),

* * r
py(1) —pi(1) =by —b2+x+ Y

which increases in p when \, € [(bfgz)g, (blsﬁig)g

24/ ”“(f\ijl), which increases in the ratio p.

Then, we show the change of preferred business model as p increases. Given A\, + A, = A and

]. The optimal transaction fee is w* =b; — by —

p =X/ s, the sign of V3 — V3, is the same as the following function

h(p) == /k(p+1) ((\/ﬁApp-i—l +)\>§+rp+1)(2§—>\(b1p+4)—2 /4;)\,0(p—|—1))
—2X2(bip—byp+1) — 272 (p + 1)2) + \FA(T(H 1) (26 + A(=2b1p+ bap — 4))

FA (019 — bap+2)E = 2\(bap— bop+ 1)) = 22 (p+1)?),

where € = \/A2(bip—bap+ 1) +7rA(p+ 1) (bip+2) +72(p+1)2.
First, we have h(0) =0 and lim 6}(;(; ) = 2kA% > 0, which imply that the dealership is preferred

p—0
r(2r+b1 A—=2+/7(r+b1 A))
4N

when p is sufficiently small. Moreover, when x < , we have

lim hp) = \/E(Q r(r 4+ Xby) KA — 212 — by A — 2rVEN + 2 r(r+bl>\)) <0,

p—oo  p3

which implies that the marketplace is better than the dealership when p is sufficiently large. [
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